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The transient dynamics of phase-locking in serially connected nanopillar spin-torque

oscillators (STOs) is studied both analytically and numerically. A variety of tran-

sient behaviors are observed stemming from the high oscillator nonlinearity and the

interplay between the damping to coupling strength ratio and the phase delay of the

coupling. Non-Adlerian (ringing) dynamics is found to be the main regime of syn-

chronization where the synchronization time depends strongly on the phase delay.

Somewhat nonintuitively, sufficiently strong coupling can also destabilize the system,

destroying the synchronized regime even for identical STOs. This transient behavior

is also found to dominate when the STOs have different frequencies. These results

highlight fundamental issues that must be considered in the design of serially syn-

chronized STOs.
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I. INTRODUCTION

Spin torque oscillators (STOs) are nanosized devices that rely on spin transfer torque

(STT) to generate an oscillatory signal1,2. STT occurs when spin-polarized electrons im-

pinge on a magnetic material and can, under the proper conditions, induce a precession of

the magnetization direction3,4. In a STO, a non-magnetic spacer (metallic1,2,5–15 or insulat-

ing16–27) separates two magnetic materials: a thick or ‘fixed’ layer that spin-polarizes the

current and a thin or ‘free’ layer where the precession takes place. The high frequencies

achieved28, high modulation rate29–33, and nanosized dimension are additional characteris-

tics that nourish the interest to implement STOs in current silicon technology. However, the

limited microwave output power, and large linewidth8,24,25,34,35, imposes a serious limitation

on its use2,36.

One method to increase the peak power and decrease the generation linewidth is to co-

herently couple or mutually phase lock a STO array. Mutual phase locking in nanocontacts

sharing the same unpatterned free layer, so-called parallel synchronization, has been achieved

for two high-frequency STOs35,37–39 and four low-frequency vortex based STOs40. Analyti-

cally, these observations can be explained by a set of coupled phase equations, neglecting the

power variations41–43. However, it has been recently shown that, while the power variations

are indeed negligible in the stable regime, they are fundamental in the transient regime due

to the STO’s high nonlinearity44,45.

Serial synchronization, on the other hand, refers to mutual phase locking of electrically

connected STO nanopillars that couple via a shared microwave current9,46. Here, a resis-

tive load in parallel with the STOs provides a fixed reference for the current thus creating

a microwave component that couples the STOs similarly to an injection locking experi-
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ment10,47–50. More complex interconnections were analytically studied considering the STOs

as phase oscillators in the Kuramoto framework, hence neglecting their power dependen-

cies51. In a different approach, a reactive element was numerically added to the load, showing

a significant enhancement of the locking region9 related to the intrinsic preferred phase of the

STO52. More recently, a resonator was introduced as the load providing means of controlling

the phase to lag or delay the STO series53. The authors showed regimes of synchronization

and ‘frustration’ depending on the chosen phase delay. The abovementioned studies focused

on the stable regime as a common feature i.e., distinguishing between synchronized and

non-synchronized states. Despite these numerical demonstrations and suggestions, an ex-

perimental confirmation of serial synchronization is still lacking. To further explore possible

reasons behind this issue, we here investigate the transient synchronization dynamics by also

considering the important power variations of STOs.

This paper describes the synchronization dynamics of serially connected nanopillar STOs

coupled by a purely reactive load (Fig. 1(a)). Through macrospin simulations54,55 and an-

alytical calculations, we show that the dynamics are generally non-Adlerian or oscillatory

and, in fact, the only possible regime when the STOs have different free-running frequencies.

Moreover, we give conditions for the onset of phase instability that leads to the synchro-

nized regime’s destabilization. The paper is organized as follows: In Section II the nonlinear

auto-oscillator theory42 is used to analytically describe the system. Macrospin simulations

are performed in Section III showing a good quantitative agreement with the analytical re-

sults. In Section IV the influence of the field-like torque term and the limited non-linearity

of Magnetic Tunnel Junction (MTJ) based STOs is briefly discussed in the mutual coupling

framework. Finally, the conclusions and implications of this paper are summarized in Section

V.

3



II. ANALYTICAL FORMULATION

The dynamical regimes of STOs can be analytically studied within the nonlinear auto-

oscillator framework42. The complex amplitude equation of an oscillator is

dc

dt
+ iω(p)c+ Γ+(p)c− Γ−(p)c = F (t,

∑
ci), (1)

where p is the oscillation’s power and ω(p), Γ+(p) and Γ−(p) are the power dependent

oscillation frequency, damping and negative damping rate, respectively. The perturbation

term F (t,
∑
ci) is any function of time and complex amplitudes and its form determines

the coupling. In the case of two serially connected STOs (Fig. 1(a)), Idc is diverted to the

reactive load depending on the combined voltage loss over both STOs. Due to the resonant

band-pass character of the load, the dc component is suppressed and only an alternating

current, Iac, flows through it. Consequently, Iac has the same frequency as the STO series

and its amplitude and phase depends on the load’s frequency response. By varying the

resonant frequency, it is possible to tune the phase to lag or delay the STOs53. We stress

that the coupling current, i.e. the current flowing through the STO series, is ∆I = Idc− Iac,

and therefore has an inherent phase delay of 180◦. Taking these considerations into account,

the coupling term can be written as the sum of both the STO contributions and the phase

delay, β, between ∆I and the STO resistance (the phase delay is denoted by a positive β).

Then,

F (t,
∑

ci) = f
(
|c2|e−iϕ2(t) + |c1|e−iϕ1(t)

)
eiβ, (2)

where ϕ is the instantaneous phase of each STO and the subscripts 1 and 2 denote each

STO in Fig. 1(a). The coupling factor for electrical connections, f · ct, can be approximated

as42

f · ct =
ξαωH tan γo

2
√

2

µ

N
. (3)
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FIG. 1. (a) Serially connected nanopillar STOs coupled via a shared microwave current. The load is

a resonator matching the STO frequency and the whole system is driven by a direct current source.

(b) Pole-zero plot of Eq. (5) for several phase delays, β, and sweeping the coupling strength, f .

Clearly, the system is potentially unstable for β > 90◦ and sufficiently large f .

Here f is the coupling strength, ct = |c1| + |c2|, ξ = Idc/Ith is the supercriticality pa-

rameter, Ith is the threshold current for oscillations, α is the Gilbert damping, ωH is the

ferromagnetic resonance frequency, γo is the out-of-plane current polarization angle, and

µ = |∆I|/Idc is the modulation depth. The factor N represents the number of oscillators

(two in this case) and bounds the magnitude of f · ct in the so-called thermodynamic limit

N →∞56. In this way, the unphysical scenario where f · ct increases as STOs are added to

the circuit is prevented.

The equations of motion are obtained by expanding Eq. (1) as a set of coupled equations.

The complex amplitude of each oscillator is thus perturbed by Eq. (2) and can be written as

c =
√
po + 2δpe−iϕ where δp represents power variations and po ∝ ξ − 1 is the free-running

power. Assuming similar STOs (|c1| ≈ |c2|) we obtain the power and phase equations

dψ

dt
= ∆ω + 2νΓp∆p− 2f cos β sinψ, (4a)

d∆p

dt
= −2Γp∆p− 2f sin β sinψ, (4b)

where the notations ψ = ϕ2 − ϕ1 and ∆p = δp2 − δp1 are used and ∆ω = ω2 − ω1 is the
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frequency mismatch between the STOs. The term 2νΓp∆p is the phase-power coupling, de-

pendent on the dimensionless nonlinearity parameter ν and the total damping (or restoration

rate) Γp = α(ξ−1)ωH . Note that the assumption of similar STOs eliminates any dependence

on the complex amplitude, c.

From Eq. (4) it is clear that the coupling strength, f , plays a fundamental role in the

synchronization dynamics. Based on Eq. (3), we see that f is directly proportional to µ,

whose variation is related to the STOs’ MR ratio. The coupling strength is also a function of

ξ/ct ∝ ξ/
√
ξ − 1 which is a decreasing function of ξ. In other words, f has a stronger impact

on small-amplitude oscillations since the perturbation becomes comparable in magnitude.

Here, we restrain ourselves to the low supercriticality regime, where the coupling is strong

and the precession amplitudes are small.

For the case where ν = 0, Eq. 4a reduces to Adler’s equation57. However, for GMR based

STOs, ν ≈ 100 and an approximate solution of Eq. (4) can be obtained by neglecting the

power variations. Interestingly, the resulting phase difference equation (not shown) has the

same form of Eq. (65)a in Ref. 42, derived for nanocontact-based STOs. Good agreement

with experiments has been achieved in this way by describing the phase locking bandwidth,

∆ωo.

Taking into account the power variations allows us to study the synchronization dynamics.

Assuming that these variations are small (δp� po), Eq. (4) can be linearized about po. The

new set of linear differential equations has a characteristic polynomial

λ = − (Γτ )±
√

(Γτ )
2 − 4Γpf̃ cosψo cos(β − arctan(ν)), (5)

where f̃ = f
√

1 + ν2 and Γτ = Γp+f cos β cosψo. The stationary phase ψo = arcsin ∆ω/∆ωo

and phase locking bandwidth ∆ωo = 2f̃ | cos(β−arctan ν)| are obtained from the steady state

solution of Eq. (4). Due to the high nonlinearity considered, the approximation cos(β −

6



arctan(ν)) = sin(β) is used in the subsequent discussion.

The influence of β and f on Eq. (5) is shown in Fig. 1(b) as a pole-zero plot. Two

important features are clearly visible: (i) imaginary components exist for sufficiently strong

f ; (ii) real positive components (instability) exist when β > 90◦. These features can be

parametrized from the onset of complex solutions of Eq. (5) and the sign change of its real

part (or time constant τ), respectively

fring ≥
√

Γ2
p + 4∆ω2

4ν sin β
, (6a)

τ−1 = Γτ = Γp + f cos β cosψo. (6b)

Thus, Eq. (6b) is valid if Eq. (6a) is satisfied.

The set of Eq. (6) is the main result of this paper, providing important qualitative infor-

mation that is lost in steady state analysis. First, satisfying Eq. (6a) leads to an oscillatory

approach to synchronization and hence establishes a lower bound to the time constant of

coupled STOs44. While in the injection locking case the limit is set by Γp alone, here we note

that β has a critical influence [Eq. (6b)]. Indeed, the time constant is reduced by keeping

the phase delay in the range β ≤ |90◦| and its minimum value occurs when β = 0. Second,

in the range β > |90◦|, the dynamics become slower and even unstable if the sign of τ−1

changes, i.e., if the ratio Γp/f cos β cosψo < 1. Recalling that f is a decreasing function of

ξ, note that the instability can be avoided by increasing ξ at the price of loosing coupling

strength. Third, the condition for non-Adlerian solutions [Eq. (6a)] has a minimum value

at β = 90◦ whereas it tends to infinity when β = 0. In the serial circuit considered, the

operation regime lies in the range β > |90◦| so that β → 90◦ is the optimal choice to reduce

the time constant and avoid instability. Finally, the influence of the device variability can be

parametrized as the increase of the frequency mismatch. As ∆ω grows, Eq. (6a) approaches

∆ω ≤ 2νfring sin β ≈ ∆ωo in the case of high ν, so that synchronization is expected to occur
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FIG. 2. Inverse synchronization time, τ−1, as a function of β, determined from macrospin simu-

lation for the supercriticalities ξ1 = 1.23 (triangles) and ξ2 = 1.03 (circles), which represent two

dynamically different scenarios (stable and unstable, respectively). The corresponding analytical

estimates are also shown in solid and dashed lines, respectively. The inset shows the ratio Γp/f as

a function of supercriticality in common logarithmic scale for Happ = 1 T (dashed line) and 1.5 T

(solid line). Increasing the applied field reduces the unstable region.

only in the non-Adlerian regime.

We note that Eq. (6) quantitatively addresses previous observations on the coupling

strength impact on synchronization46 and the phase locking enhancement for β ≈ 90◦9.

Furthermore, we stress that these circuits inherently lie in the unstable region and that the

maximum coupling strength for synchronization is limited by the total damping of the free

layer.

III. MACROSPIN SIMULATIONS

To further investigate the described regimes we here perform macrospin simulations of

the circuit shown in Fig. 1(a). We first consider two identical GMR based STOs of circular

cross-section. The free layer is assumed to be a soft magnetic material with in-plane, uniaxial
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anisotropy, such as Permalloy. The magnetization precession of the free layer follows the

Landau-Lifshitz-Gilbert-Slonczewski (LLGS) equation54,55

dm̂

dt
= −γm̂× ~Heff + αm̂× dm̂

dt
+ αJm̂× m̂× M̂, (7)

where m̂ is the free layer magnetization direction and γ/2π = 28 GHz/T is the gyromagnetic

ratio. The effective field ~Heff = Happz + MS(m̂ · z)z includes the external field µoHapp =

1.5 T, applied normal to the free layer’s surface, and the uniaxial anisotropy µ0MS = 0.8 T

where µo is the vacuum permeability. The spin torque magnitude is parametrized by αJ =

~η∆I/2µ0MSeV where ~ is the reduced Planck’s constant, e the electron charge, V ≈

3.7× 103 nm3 the nanopillar volume, and η = 0.35 the dimensionless spin torque efficiency.

The angle dependence of the spin torque efficiency is not included due to the high applied

field considered which limits the precession to small orbits, in correspondence with the auto-

oscillator theory. The magnitude and phase of ∆I is obtained by solving the differential

equations that describe Fig. 1(a). The resonator is tuned about the oscillation’s frequency,

with L ≈ 1 nH and C ≈ 2 pF (exact values depend on the operation point and desired

phase delay). The fixed layer magnetization unity vector M̂ defines the spin polarization

direction of the current, here considered tilted at an angle γo = 60◦ from the surface normal

due to the high Happ. In this configuration, the threshold current Ith = 2.82 mA and the

free-running frequency fSTO = 24.266 GHz are found. Finally, the parallel and antiparallel

resistances are R0 = 10 Ω and Rπ = 11 Ω, respectively, and the angular dependence is

defined as R = ((R0 +Rπ)− (Rπ −R0)m̂ · M̂)/2.

The above description of the simulation parameters takes into account a perpendicularly

magnetized GMR nanopillar. The case of an in-plane magnetized free layer is not considered

due to the limitations of macrospin simulations, as pointed out by Berkov and Miltat58 while

comparing with full micromagnetic simulations. The analytical results are nontheless valid
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FIG. 3. Phase difference between two identical STOs for ξ = 1.03 and (a) β = 90◦, (b) β = 120◦, (c)

β = 135◦, and (d) β = 150◦. As β increases, the synchronization time increases until the phase dif-

ference no longer converges to ψo = 0. At instability, ψ is however bounded in [−180◦,180◦](dotted

lines). (e) Normalized PSD of the total STO signal in (d). Sidebands at ≈ 44 MHz correspond to

the beating of the oscillations.

for this regime, given that the proper angular dependencies for the auto-oscillator parameters

are taken into account14,59.

The stability of the system is governed by the ratio Γp/f , shown as a function of the

supercriticality ξ in the inset of Fig. 2. Here the resonator is set at a frequency such that

β ≈ 180◦ in the supercriticality span and the synchronization is in-phase (ψo = 0). In this

particular configuration, the unstable region lies near the oscillation threshold, where the

ratio is less than unity. This is a consequence of the high applied field, which leads to the

fast increase of both po and Γp with current. Consequently, a lower applied field widens the
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unstable region, as shown in the inset of Fig 2.

As discussed in Section II, τ−1 gives a complete picture of the synchronization dynamics of

the system. The numerical calculation of τ−1 was performed by fitting a decaying exponential

to the envelope of the transient phase difference, ψ. The STOs are simulated for 20 ns in

the free-running state after which the load is connected and the coupling current ∆I flows

through the STOs. The parameter τ−1 is shown as a function of β in Fig. 2 for the two

supercriticality values chosen in its inlay. In both cases the numerical calculation of τ−1

(triangles and circles) show good agreement with the analytic estimates of Eq. (6b) (solid

and dashed lines). In the case ξ1 = 1.23, the dynamics are always stable and occur in

the non-Adlerian regime. On the other hand, for ξ2 = 1.03, the dynamics are slower and

ultimately lead to a sign change of τ−1, becoming unstable. Close to the transitions to anti-

phase lock (β > 180◦ so ψo = 180◦) and instability at ξ1 = 1.23 and ξ2 = 1.03, respectively,

the dynamics is distorted and the fitting algorithm fails.

The transition from the synchronized to the unstable regime for ξ2 is shown in Fig. 3.

Clearly, the time constant increases as β tends towards 180◦ (Fig. 3(a-b)) until it approaches

τ−1 ≈ 0 (Fig. 3(c)). A further increase of β leads to instability but ψ remains bounded as

shown in Fig. 3(d). This is qualitatively understood from the phase - amplitude coupling in

STos. The amplitude is bounded to the unit sphere by Eq. (7) so that the frequency must

be also bounded and, consequently, the phase difference. Interestingly, such phase variation

suggests that the phase of each oscillator ‘beats’ periodically, with a frequency given by |ψ|

(since each zero crossing represents a beat cycle). Indeed, computing the Power Spectral

Density (PSD) of the voltage drop over the STO series (not to be confused with the phase

difference ψ) shows two sidebands at ≈ ±44 MHz from the carrier [Fig. 3(e)], consistent

with twice the ≈ 22 MHz observed in Fig. 3(d). Although the similarity, this scenario must
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FIG. 4. Phase difference between two STOs with different free-running frequencies. (a) At ξ = 1.23

and β ≈ 90◦, the STOs phase lock up to a critical frequency mismatch, ∆ωmax/2π = 115 MHz,

outside of which locking is replaced by frequency pulling. In the locking regime, the approach to

synchronization is clearly non-Adlerian with significant ringing. (b) At ξ = 1.23, β ≈ 90◦, and

∆ω/2π = 30 MHz the oscillators cannot lock due to instability. Here, the frequency mismatch

creates a period-2 oscillation in the phase difference. The oscillations have periods T1 ≈ 50 ns and

T2 ≈ 41 ns. (c) PSD of the total STO signal in (b). The mean oscillation frequency of each STO is

pointed with arrows while several asymmetric sidebands appear as a consequence of the non-trivial

dynamics of the STO series.

not be related to a STO modulation29,30,60, as discussed below. Note that the frequency

≈ 19.805 GHz differs from the free-running frequency fSTO as a consequence of the coupling

(See discussion in Ref. 42, Section VI.B).

Device variability is included in the simulations as a change of the nanopillar cross-section.
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As suggested by Eq. (6a), the non-Adlerian condition converges to the phase locking condi-

tion as ∆ω increases, i.e., only non-Adlerian dynamics lead to synchronization. Simulations

of this scenario are performed by keeping the supercriticality at ξ = 1.23 and β ≈ 90◦ so

that the phase locking bandwidth is ∆ωo/2π ≈ 200 MHz. The assumptions of similar STOs

and δp� po are not strictly valid in this case but the qualitative behavior of the dynamics

is conserved.

The transient phase difference between the oscillators is shown for several frequency mis-

matches in Fig. 4(a). As ∆ω diverges from zero, the oscillators approach a stable phase dif-

ference in a non-Adlerian fashion. Above a critical frequency mismatch ∆ω/2π = 115 MHz,

the STOs cannot phase-lock but pull each other in a quasiperiodic motion56. This motion

is a general feature of coupled oscillators and it has been studied and measured for lin-

ear oscillators61. We note that the breakdown of the approximate solution is evident from

the premature unlocking of the STOs (∆ωo,max/2π = 115 MHz instead of the expected

∆ωo/2π = 200 MHz).

Finally, nominally different STOs can also reach an unstable regime, similarly to Fig. 3(d).

Here, ξ = 1.03, β = 150◦ and ∆ω/2π ≈ 30 MHz. The phase difference shows period-2

oscillations due to the mismatch of free-running frequencies whose periods are indicated

in Fig. 4(b). Such behavior is in clear disagreement with any modulation comparison. The

PSD (Fig. 4(c)) further confirms this observation by the presence of asymmetric sidebands

and two STO mean frequencies (indicated by arrows) indicating nonlinear variations of the

individual frequencies.
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IV. MUTUAL COUPLING OF MAGNETIC TUNNEL JUNCTIONS

STOs based on nanopillar Magnetic Tunnel Junctions (MTJs), have been extensively

investigated due to their high tunneling magnetoresistance (TMR) and hence high generation

power18,20,21,26. In our mutual coupling framework, MTJs have three important consequences:

(i) the perpendicular torque in MTJs, bj, introduces an additional phase shift20 so that

β can be pushed towards the stable regime; (ii) The high TMR enhances f and faster

synchronization can be achieved. We stress that this feature can also widen the unstable

regime if β is not properly tuned; (iii) MTJ based STOs have significantly lower nonlinearity

compared to their GMR counterparts. In fact, ν has been estimated to lie between 1 and

3 in recent phase noise measurements24,25; (iv) The use of in-plane fields will, in general,

change the parameters used in Eqs. (6) due to their angle depdencies14,59 although dynamics

in perpendicularly magnetized MTJs has been recently observed62.

All the abovementioned features can be summarized in Eq. (6a) considering a weak

nonlinearity, ν. We remind the reader that the approximation cos(β − arctan(ν)) = sin(β)

was used in Eq. (6). Thus, the general form is given by

fring ≥
√

Γ2
p + 4∆ω2

4ν cos(β − arctan(ν))
. (8)

For weak nonlinearities in the range 0.1 < ν < 5, the cosine’s argument varies between 5◦

and ≈ 80◦. In such a case, the control of β becomes a fundamental issue in order to set the

critical ringing strength, fring. For serially connected STOs, however, the limited coupling

strength Eq. (3) suggests that generally f < fring even for MTJs. Consequently, MTJs

are expected to behave almost linearly, hence following phase models such as the Adler’s

equation of synchronization57 to a much larger extent, and therefore be less susceptible to

the instabilities discussed above.
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On the other hand, recent experimental attempts of serial synchronization have focused on

MTJ based vortex STOs40,49. In contrast to MTJ injection locking experiments50, the MTJ

based vortex STO was successfully phase locked to the fundamental frequency, suggesting

a much larger coupling strength, f . While ν has yet to be determined for these types of

STOs, their limited frequency tunability also suggests a similarly limited non-linearity. The

synchronization dynamics for serially coupled MTJ based vortex STOs is then expected to

be strongly dependent on the onset for non-Adlerian dynamics, determined by Eq. (8).

V. CONCLUSION

The synchronization dynamics is generally non-Adlerian for serially connected GMR

nanopillars coupled by a resonant load. The high nonlinearity of GMR-based STOs has

a qualitative impact on the dynamical regimes in this system. In particular, the synchro-

nization time is strongly dependent on β and the system becomes unstable if Γp/f cos β > 1.

Instability manifests itself as the impossibility to achieve phase locking even for identical

STOs and, counterintuitively, is favored by stronger coupling. This information provides

boundaries that must be considered to find the system’s optimal operation point needed for

experimental observation of serial synchronization. To this end, the relevant issue of device

variability was included in the simulations, and similar transient behavior was obtained for

STOs with different free-running frequencies. Moreover, the fine tuning of the phase delay,

β, is shown to be critical in the serial synchronization of weakly nonlinear devices, such as

MTJ based vortex STOs. We expect similar dynamics in the case of nanocontact STOs cou-

pled via spin-waves where both the phase delay and the coupling strength can be controlled

by the separation between the nanocontacts. We believe that the presented discussions are

critical to efficiently design synchronized STO arrays.
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on 47, 1575 (2011).

32P. K. Muduli, Y. Pogoryelov, Y. Zhou, F. Mancoff, and J. Åkerman, Integrated Ferro-
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