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ABSTRACT

This paper investigates dynamic properties of 3D rainbow lightweight hollow sphere foams both numerically and experimentally. Two
rainbow hollow sphere foams are designed with linearly varying sphere shell thicknesses and binder diameters for the purpose of achieving
broadband vibration attenuation at low frequencies. The hollow sphere foams are modeled by the finite element method. The band
structures of two rainbow hollow sphere foams are compared with that of the uniform foam. The results show that the foam with gradient
binders exhibits a bandgap more than two times broader than that of the uniform foam at lower frequencies, and the gradient binders also
lead to locally concentrated vibration modes at the bandgap edges, which are different from the global vibration modes of the uniform foam.
On the other hand, the foam with gradient shell thickness could not generate complete bandgaps due to the introduced additional modes by
the varied shell thickness. The bandgap extension could, hence, be realized with properly designed structural gradients of foams. The
rainbow and uniform hollow sphere foam samples are manufactured subsequently by the additive manufacturing method and tested with a
frequency response function measurement system. The experimental results verify the numerical calculation as well as prove further the
effects of gradient designs on bandgap extension. The proposed rainbow hollow sphere foams could be instructive for future researchers to
design lightweight acoustic/dynamic structures for broadband low frequency noise and vibration control.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0069801

Phononic crystals (PnCs) are engineered structures with novel
properties that cannot be found in conventional materials.1,2 PnCs
have the capabilities to manipulate the propagation of mechanical
waves through the internal impedance mismatch. PnCs can develop
bandgaps within which wave propagation is prohibited or greatly
attenuated to required levels. This phenomenon is of particular impor-
tance for elimination of mechanical vibration waves, which are harm-
ful to many mechanical and civil structures as well as human health.

PnCs have been extensively investigated in the past decades. For
instance, Kuang et al.3 numerically studied the dispersion curves of
face centered, body centered, and simple cubic lattices. They reported
that reposition of the scatters of the PnC can be used as means for con-
trolling the start and end frequencies of the bandgap. Kruisov�a et al.4

studied the longitudinal wave propagation in a PnC made from

ceramic materials. They found bandgaps between 2 and 12MHz using
a combination of numerical and experimental methods. Meng et al.5

used simplified stiffness and mass matrices to study wave propagation
in honeycomb PnCs. They showed that bandgaps can originate at low
frequencies when Poisson’s ratio of the PnC has negative values.
Ampatzidis et al.6 developed the band structure for a PnC made of
additively manufactured part connected to a composite panel. They
used a design optimization technique to get the optimum structure for
use in aerospace applications and reported bandgaps at around 7 kHz.
Elmadih et al.7 employed the finite element (FE) method to compute
wave propagation in surface-based gyroid and diamond lattices. They
reported that the network phase and the matrix phase of the gyroid
lattice have bandgaps below 15 kHz. On the acoustic side of surface-
based lattices, Abueidda et al.8 showed that these lattices have acoustic
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FIG. 1. (a) Unit cell of the hollow sphere foam, global view of the (b) uniform, (c) gradient thickness, and (d) gradient binder foam, and the gradients of parameters are also
schematically shown under each design. Side view of the (e) uniform, (f) gradient thickness, and (g) gradient binder foam. R is the external radius of spheres, rh is the perfora-
tion radius, t is the shell thickness, h is the binder angle, r is the fillet radius, w is the strut length, and h is the strut diameter.
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bandgaps at low frequencies and low relative densities in comparison
to other types of PnCs. Warmuth et al.9 and Wormser et al.10 studied
metal PnCs manufactured from a titanium alloy on a selective electron
beam melting machine and experimentally verified the existence of
bandgaps in strut based PnCs at around 100 kHz. Polymer PnCs were
studied by Lucklum and Vellekoop,11 who presented the directional
transmission spectrum of various simple cubic PnC designs. They
reported bandgaps in the hundred kHz to MHz range.

Although many PnCs have been proposed with bandgaps in a
wide frequency range from Hz to THz, Bragg scattering bandgaps
require the wavelength of the propagating wave comparable to the
unit dimension of the PnCs, i.e., Ld¼ k/2, where Ld and k are the unit
dimension and wavelength, respectively. Large dimension structures
that could be either unmanufacturable or impractical in terms of cost
and size are needed for the formation of low frequency Bragg

scattering bandgaps, and this limits the use of PnCs for low frequency
vibration control. Thus, widening the bandgap and opening it at lower
frequencies have been the focus of recent studies.11–15 One promising
technique is introducing rainbow designs, i.e., non-periodic structures
with unit cells of varying features and sizes. The concept was first real-
ized experimentally by Zhu et al.,16 who developed rainbow trapping
with grooves of various depths that exhibited broadband acoustic
absorption. Sun et al.,17 Meng et al.,18 and Wei et al.19 investigated
wave propagation in finite beams with linearly varying absorbers,
which had better vibration attenuation than periodic beams. Meng
et al.20 proposed lattice structures with spatially varying masses that
had better low frequency vibration absorption.

Porous materials are a class of lightweight structures containing
isolated or interconnected voids. Porous materials have been found to
have good mechanical, thermal, electrical, energy absorption, sound

FIG. 2. Band structure calculation FE models of the (a) uniform, (b) gradient thickness and (c) gradient binder hollow sphere foam samples, (d) first Brillouin zone of tetragonal
lattices, band structures of the (c) uniform, (d) gradient thickness, and (e) gradient binder hollow sphere foam samples. The mode shapes at points A, B, C, D, E, and F are
plotted with the dispersion spectra by the color figures, where A, B, E, and F are at the symmetry points of bandgap edges of the uniform and gradient binder structures with
eigen frequencies of 9004, 11 375, 5844, and 11 675 Hz, and C and D are at the symmetry points of dispersion curves of the gradient thickness structure with eigen frequencies
of 9169 and 10 351 Hz. The dispersion spectrum was obtained by scanning the first Brillion zones of the three structures.
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absorption properties, and many other favorable properties in different
fields. Many kinds of porous materials have been developed such as
open and closed-cell foams,21–23 granular materials,24,25 and fibrous
materials.26 The hollow sphere foam is one of porous materials that
has drawn the attention of many researchers due to its extremely low
density with reasonable mechanical, energy absorption and thermal
properties compared with other porous materials.27–33 The hollow
sphere foam has also showed the capability to attenuate sound and
vibration.34–38

The hollow sphere foams have also been regarded as PnCs and
investigated from the perspective of bandgaps recently. McGee et al.39

investigated the wave propagation in hollow sphere foams by experi-
mental and numerical methods and discussed the influence of geomet-
rical parameters on the phononic band gaps of the hollow sphere
foams. Jiang and Chen40 analyzed the bandgaps of 3D hollow sphere
foams and revealed the achievement of acoustic and vibrational atten-
uation by different bandgap mechanisms. The hollow sphere foams
face the same challenge as other PnCs that the spectra of acoustic or
vibration attenuation need to be extended for practical applications
especially at low frequencies.

Hollow sphere foams with structural gradients are designed and
manufactured by the additive manufacturing method in this paper,
aiming at achieving broadband bandgaps and vibration attenuation at
low frequencies. The band structures and frequency response func-
tions (FRFs) are calculated by the FE method, which is later validated
in comparison with the experimental results. The effects of structural
gradients on the dynamic properties of the foam are subsequently dis-
cussed with the achieved dispersion curves and transmissibility, and
the underlying mechanisms are also revealed based on the mode shape
analysis.

The hollow sphere foams are composed of perforated hollow
spheres connected by cylindrical binders. The unit cell of the hollow
sphere foam is shown in Fig. 1(a). The lattice constant (unit cell size)
C is 30mm. The perforated spherical shell is characterized by external
radius R, perforation radius rh, and shell thickness t. The binder con-
sists of the fillet part and the strut part. The fillet part is characterized
by the binder angle h and fillet radius r, and the strut part is featured
by the strut length w and strut diameter h. The total length of the
binder is l. For each unit shown in Fig. 1(a), the following Eq. (1)
holds:

4Rþ 2l ¼
ffiffiffi

3
p

C: (1)

Here, in our design, we adopt the assumption

R ¼
ffiffiffi

3
p

5
C: (2)

With Eqs. (1) and (2), the parameters w and h are related to R, l, h,
and h by

r ¼ R sin h
1� sin h

� h
2ð1� sin hÞ ; (3)

r ¼ l � 2Rðsin hþ cos h� 1Þ
1� sin h

þ h cos h
1� sin h

: (4)

The perforation radius is fixed to rh¼R5 for all our designs.
For the uniform foam shown in Fig. 1(b), the shell thickness is

set as t¼R10, the strut height h¼ l2, and the binder angle h ¼ 18. As

to the gradient thickness foam shown in Fig. 1(c), it has the same strut
height of h¼ l2 and binder angle of h ¼ 18. The shell thickness
changes linearly from top to bottom with the top shell thickness
t¼R10 and the bottom shell thickness t¼R4. With regard to the gra-
dient binder foam design shown in Fig. 1(d), the shell thickness is
t¼R10, and the binder angle is h ¼ 10. The strut diameter varies line-
arly from top to bottom with values ranging from h¼ l11 to h¼ l2.
The changes in the shell thickness and the strut diameter are also
shown schematically in Figs. 1(b)–1(d).

The hollow sphere foams are modeled by the FE method with a
solid mechanics module of Comsol Multiphysics. The hollow sphere
foams are modeled as an isotropic elastic material with a density of
1147 kg/m3, an elastic module of 1.6GPa, and Poisson’s ratio of
0.33.39,40 The rainbow foams are regarded as periodic units of infinite
structures in the FE models. The unit cells of gradient foams have
tetragonal lattice symmetry due to the structure gradients. As to the
uniform foam, a supercell containing 115 units with the same shapes
and dimensions to that of the gradient foams is adopted for better
comparison as shown in Figs. 2(a)–2(c). The FE models are meshed
with linear tetrahedral elements. The FE models are set with Floquet
periodicity boundary conditions, as

u1 ¼ u2 exp ð�ikdÞ; (5)

where u1 and u2 are the displacements at two periodic boundaries, d
is the distance between periodic boundaries, and k is the wave vector
of the propagating wave. The Brillouin zone of the tetragonal lattice is
shown in Fig. 2(d). In order to obtain the band structures, the para-
metric solver sweeps the wave vector k along the boundaries of the
Brillouin zone, and the eigenfrequencies of foams with different wave
vectors are solved by the eigenfrequency solver.

The dispersion curves of the uniform foam are plotted in Fig.
2(e). It can be seen that a bandgap exists within the frequency range of
9004–11 375Hz. The mode shapes at two points A and B located at
the edges of the bandgap are plotted next to the dispersion curves to
reveal the mechanism of the bandgap. The bandgap is, thus, identified
as Bragg-type due to the global vibration modes at the two edges.39,40

FIG. 3. (a) Components of a 3D printer for reference. (b) Oriented CAD file with
added printing supports.
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FIG. 4. (a) Schematic and (b) photo of the experimental system for the measurement of FRFs of the foam samples. FRF calculation FE models of the (c) uniform, (d) gradient
thickness, and (e) gradient binder foam samples. FRF comparison between the experimental and numerical simulation of the uniform (f), gradient thickness (g), and gradient
binder (h) samples. The corresponding bandgap regions in Fig. 2 are marked in yellow in (f)–(h). The photos of the samples are also given by the insets of (f)–(h).

Applied Physics Letters ARTICLE scitation.org/journal/apl

Appl. Phys. Lett. 119, 181901 (2021); doi: 10.1063/5.0069801 119, 181901-5

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/apl


The gradient thickness foam has no complete bandgap formed in the
considered frequency range as shown in Fig. 2(f), while the gradient
binder foam exhibits an extended bandgap in the frequency range of
5844–11 675Hz as shown in Fig. 2(g), which is more than two times
broader than that of the uniform one.

In addition, it can be seen from the mode shape analysis that the
structural gradients have changed the global vibration modes of the hol-
low sphere foams. For the gradient binder foam, the motions at points E
and F located at the bandgap edges are concentrated in the hollow
spheres and binders at the top and bottom ends of the sample instead of
all the sphere units as shown in Fig. 2(g). As it is known, a decrease in
the binder stiffness could lead to lower bandgap frequencies,39 and the
binders with reduced dimensions in the gradient binder foam could,
therefore, lead to a bandgap extended to lower frequencies. With regard
to the gradient thickness foam, the mode shapes at points C and D,
which are within the bandgap frequency of the uniform foam, are also
shown to gain insight into the disappearance of the completed bandgap.
The two mode shapes indicate that these modes are attributed to the
motions of the sphere shells. Since the sphere shell thickness varies,
additional modes could be introduced by the distributed shell thickness,
which could eliminate the formation of completed bandgaps.

We can also conclude from the two rainbow structures that
although rainbow designs have the potential of expanding bandgaps,
different structural gradients might lead to completely opposite results,
and optimization of structural gradients is, thus, required for the
design of rainbow PnCs with enhanced vibration attenuation.

For the purpose of validating the simulation results and exploring
further effects of gradient design, the FRFs of the foams are measured
by experiment as well as calculated by FE models. Three hollow sphere
foam samples were manufactured by the additive manufacturing
method. The manufacturing of these samples was done on a LCD-
based Stereolithography (SLA) 3D printer—The AnyCubic
PhotonMono-X. The printer submerged a build plate into a vat of liq-
uid photo-polymer resin, under which was a 4K resolution UV screen
of dimensions 192 � 120mm2 [see Fig. 3(a)]. The screen exposed the
resin to UV light with an exposure time of 6 s, turning the resin solid
on the build plate. The thickness of each layer was set to be 0.05mm.
The sample was then raised up slightly allowing space for another
layer of resin to be set. This process was repeated until the sample is
complete. Two unwanted effects of this printing technique were that
the sample may stick to the screen causing breaks in the structure or
warp due to gravity pulling on the sample. To avoid these errors, the
sample was oriented such that the bond direction was mostly in line
with the direction of gravity, thus reducing the shear stress on each
bond and minimizing warping on the top and bottom plates [see Fig.
3(b)]. In orienting the sample this way, additional supports were
required, which were later removed with clippers once the print was
complete. Finally, the finished print was exposed to a UV lamp for
20min to set any uncured resin.

The FRFs of the samples are measured by the dynamic testing
system as shown in Figs. 4(a) and 4(b). A mechanical shaker fixed on
a vibration isolation board was employed to excite the foam samples at
their top surfaces. It should be noted that two 1mm thickness plates
were added at the top and bottom surfaces of the foams so that the
exerted forces and displacements on the plate could be uniformly dis-
tributed on the foam samples. An acceleration sensor was bonded to
the foams to measure the input acceleration. Another acceleration

sensor was bonded to the other surface of the plates to measure the
output acceleration. The accelerations at both ends were then collected
by the junction box and finally analyzed to obtain the transmissibility
by the computer according to the equation

T ¼ 20 log ðjAS=AOjÞ; (6)

where AS and AO are the measured accelerations at the output and
input surfaces, respectively.

The FE models for the FRF calculation are shown in Figs.
4(c)–4(e). The materials and meshes of the FE models are the same as
that of the band structure calculation models. The models have free
boundary conditions. Two 1mm thick plates are added on the foams
as the experiment. A boundary load is exerted on top of the models.
The displacements at the end surfaces of the foams are solved with a
frequency domain solver, and the FRFs can then be calculated accord-
ing to Eq. (6).

The comparison between numerical simulation and experimental
testing is shown in Figs. 4(c)–4(e). It can be seen that the numerical
simulation results agree well with the experimental results. The dis-
crepancies could be caused by the manufacturing variabilities,
non-ideal experimental conditions as well as assumptions and simplifi-
cations in the simulation models. It can also be seen from
Figs. 4(c)–4(e) that the gradient binder sample exhibits better vibration
attenuation in the considered frequency range with wider and lower
transmissibility values, which is consistent with the enlarged bandgaps
as shown in Fig. 2.

In this work, the band structures and FRFs of 3D rainbow hollow
sphere foams were investigated by FE and experiment methods. Two
3D rainbow hollow sphere foams with linearly varying shell thick-
nesses and binder diameters were designed and manufactured by the
additive manufacturing method. The transmissibility values of manu-
factured foam samples were tested and compared with that obtained
by FE models with good agreement achieved. By comparing the dis-
persion curves and FRFs of rainbow and uniform foams, we found
that the rainbow foam with linearly distributed binder diameters had a
wider bandgap at lower frequencies than that of the uniform foam,
and the global vibration modes at the bandgap edges of the uniform
foam were also changed to locally concentrated modes by the gradient
binders. In contrast, the linear shell thickness introduced additional
modes with varied sphere shell motions, and no complete bandgap
was formed by the rainbow foam with linearly distributed shell thick-
ness. It can, therefore, be concluded that rainbow foams could have
extended bandgaps and enhanced vibration attenuation only with
properly designed structural gradients. The linearly varying structural
gradients were adopted in this paper as our first attempt to reveal the
effects non-uniform designs on PnCs, and a reliable and robust opti-
mization strategy to search for more effective structural gradients is
the nature next step work. The findings of this paper could also be eas-
ily expanded to the design of other PnCs.
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