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A B S T R A C T   

The complex dynamics of a frictional contact interface have been the subject of many research 
investigations. However, a comprehensive model has not been proposed that can be easily solved 
and considers the effect of all parameters of interest, i.e., the variation in contact pressure, the 
interaction of normal and tangential direction mechanisms, and contact surface degradation. This 
paper proposes a generalized slip model based on the original Valanis model with the ability to 
generate non-symmetric hysteresis loops for frictional contact interface modelling and identifi-
cation. Various numerical and simulation results are used to show the capability of the gener-
alized Valanis model. The advantages of the model presented in this paper are its simplicity and 
accuracy. The model offers an explicit solution for the Hysteresis loop and is Lipschitz continuous, 
making it an ideal choice for real-time analyses, such as in digital twins’ applications. The model 
can represent both point-to-point contacts in a joint interface and the joint interface as a whole. 
The latter application is considered in this paper.   

1. Introduction 

Friction is a well-known phenomenon that occurs between two surfaces in contact, and often is the main source of damping in 
assembled structures due to the presence of bolted joints. Therefore, the contribution of frictional joints can be very significant in the 
dynamic response of a structure. Furthermore, the friction leads to a continuous variation of the contact conditions under harmonic 
loading. This makes the analysis of the joint contact very challenging. Therefore, predicting the dynamic response of an assembled 
structure has been a well-known challenge for researchers in the last four decades. 

Previous models proposed for the frictional contact interface in joints usually are governed by complicated nonlinear differential 
equations. This makes these models less useful in terms of analysis cost in applications such as digital twins, where a full model (or a 
part model) of a structure containing many joints is constructed. Friction models providing both accuracy in predicting the contact 
interface’s detailed dynamics and simplicity in being solved and analysed with less effort are best fit for this purpose. 

The friction force in a contact interface is a function of the relative velocity between the surfaces. Generally, this function is mainly 
related to the sliding direction of the two contacting surfaces, thus neglecting any contribution of the normal components of the contact 
force to the contact interface dynamics. Researchers categorize the joint models as rate-dependent and rate-independent. This cate-
gorization depends on whether the model can be written in a form independent or dependent on the velocity magnitude. 

Known for its relatively simple mathematical model, the Bouc-Wen model is one of the most popular rate-independent hysteretic 
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semi-physical models. It was proposed by Bouc in 1971 [1–2] and generalized by Wen in 1976 [3]. They introduced a model that 
captures both the linear elastic and elasto-plastic restoring forces and relates it to the input displacement in a hysteric way. Ismail et al. 
[4] provided a review of the different developments and implementations of the Bouc-Wen model. Ni et al. [5] developed a frequency 
domain method to identify Bouc-Wen differential model parameters of non-linear hysteretic isolators using experimental data from 
periodic vibration tests. Oldfield et al. [6] introduced the four-parameter Bouc-Wen model to analyze the dynamic frictional contact of 
a bolted joint under harmonic loads. The model showed good efficiency in the transition from the microslip to the macroslip behaviour 
in the joint. An extended Bouc-Wen model was proposed by Sireteanu et al. [7] to improve the capability of the model to predict 
experimental symmetric hysteretic loops. The applicability of the developed model was illustrated for seismic protection devices. Zhu 
and Lu [8] introduced the normalized Bouc-Wen model to model a mild steel damper. Using experimental data, the accuracy of the 
approach was demonstrated. Zaman and Skider [9] used a modified firefly algorithm to identify Bouc-Wen hysteresis model pa-
rameters. They showed that the proposed algorithm is well suited for Bouc-Wen hysteresis model parameter identification. Similarly, 
Ortiz et al. [10] identified the parameters of the Bouc-Wen model but using the Transitional Markov Chain Monte Carlo approach. They 
accurately estimated the response of the system; however, the estimation of the exact values of the model parameters was not possible. 
More recently, Noel et al. [11] considered a Bouc-Wen system with a single degree of freedom to analyze the applicability of state- 
space models to hysteresis identification. They demonstrated the fitting accuracy of the considered approach. Moreover, the Bouc- 
Wen model exhibits a few drawbacks such as the difficulty of model calibration due to the non-physical aspects of the model pa-
rameters [12] that make it difficult to relate the stick–slip behaviour at the joint interface with the model parameters. In addition, the 
presence of displacement drift and the non-closure of minor loops results in a contradiction with some common plasticity assumptions 
[13]. 

While rate-independent models contribute to understanding mathematical models of hysteresis, the rate-dependent models were 
developed to simulate a wider range of physical effects that arise in the joint contacts [13]. 

Dahl investigated friction modelling and proposed a simple dynamic model with one state based on the bristle approach [14–15]. 
This model failed to predict the stick–slip motion due to the difficulty of capturing the Stribeck effect. To overcome this challenge, an 
extension of the Dahl friction formulation was performed to obtain the well-established LuGre friction force model. This rate- 
dependent model was the result of a collaboration between the control groups at Lund and Grenoble universities [16] and inspired 
many other rate-dependent variants. This model is known as a powerful approach to model the frictional contact in mechanical 
systems. It showed a good ability to capture the Stribeck effect and thus describe the stick–slip motion. The model contains several 
parameters, and therefore it can simply be matched to the experimental data [17–18]. Do et al. [19] investigated several simulation 
strategies to apply to dynamic systems with LuGre friction and found that the Runge-Kutta method gave better accuracy. Astrom and 
de Wit [20] reviewed the properties of the LuGre model, including invariance and zero-slip displacement. They showed that the LuGre 
model captures many properties of real friction behaviour, but it does not have reversal point memory. Koopman et al. [21] introduced 
a port-Hamiltonian formulation of the LuGre friction model to be used as a building block in the physical modelling of systems with 
friction. A quarter-car system with a LuGre-based tyre force model was presented as an example. Jin et al. [22] adopted a LuGre friction 
model to describe the friction behaviour of a Duffing oscillator. They proposed an analytical technique to evaluate the random 
response of dynamic friction system with nonlinear stiffness. A friction-induced mechanical oscillator with cubic nonlinearity was 
analyzed by Pikunov and Stefanski [23]. They applied a modified LuGre friction model to model the friction force, and a stable 
correlation was obtained between the response of the frictional oscillator and the dynamics of the friction force generated during the 
motion. Zhou et al. [24] proposed a new parameter identification method for the LuGre model. The modelling method was verified 
using a wheel mechanism with single-point contacts and multi-point contacts. However, the LuGre model was derived based on the 
assumption of a constant normal load [16]. Therefore, this friction force model exhibits many numerical difficulties in the case where 
the contact interface includes an important variation in the normal loads. Marques et al. [25] revisited the LuGre friction force model 
to overcome those limitations. 

Using the mentioned above models with the presence of several joints in the same structure makes the modelling cost very high due 
to the number of parameters that need to be identified. To overcome this limitation, the Valanis model [26–27], which is considered as 
one of the most powerful models to treat frictional contact, need fewer parameters to define the frictional contact interface. Gaul and 
Lenz [28] showed that the Valanis model is able to analyse the dynamic response of a complicated structure with many bolted joints 
with a significant reduction of the computation cost. The Valanis model showed good potential for capturing the micro-slip and macro- 
slip behaviour using a single model and simulating the response under harmonic loads [29]. A 3 parameter Coulomb joint model 
consisting of two linear spring elements and a slider element was used by Gaul et al. [30]. This model predicts the measured hysteresis 
loops when used for node-to-node contact in a detailed FE model. Ahmadian et al. [31] investigated the dynamic characteristics of a 
beam with frictional contact support subjected to a constant normal load. The contact interface was simulated based on the Valanis 
model and the contact parameters were identified using the force state map at a measured vibration level. It was shown that the 
proposed model could accurately regenerate frictional forces at different measured vibration levels. Jalali et al. [32] considered the 
identification of a nonlinear contact interface at the boundary of a clamped beam. They used a Valanis model to model the frictional 
force in the contact interface and showed a good agreement between the experimental and identified hysteresis loops to show the 
potential of the Valanis model. Abad et al. [33] performed numerical and experimental analyses of a bolted lap joint subjected to 
varying bolt preloads. They used curve fitting of simulated hysteresis cycles to identify the Valanis model parameters and the effect of 
the preload variation on these parameters. The use of the Valanis model was experimentally validated. 

Several identification methods have been used to model the dynamic behaviour of the jointed structures [34–38]. Ahmadian and 
Jalali [35–36] identified bolted lap joint model parameters by minimizing the difference between the model predictions and the 
experimentally measured data. A nonlinear state-space identification approach was introduced by Noel et al. [11] to estimate the 
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hysteresis dynamics. Naraghi and Nobari [37] proposed an identification procedure based on the concept of the optimum equivalent 
linear frequency response function to model the nonlinear behaviour of a bolted joint. Jalali et al. [38] applied the force-state mapping 
technique in the identification of nonlinear lap-jointed structures. In joint modelling, a common assumption used in the original 
friction models (i.e. Valanis [26], LuGre [16], and Bouc-Wen [1–3] models) states that the contact interface condition remains un-
changed during a full cycle of vibration. This assumption, which results in a symmetric hysteresis loop for these models, is not valid for 
all contact interfaces. Particularly, when micro-vibro-impacts [32] or micro-opening-closing occurs in the contact interface, changing 
both the contact area and the interfacial contact pressure repeatedly can lead to unsymmetric hysteresis loops and therefore, more 
suitable slip models should be used to capture the interfacial dynamics. 

Over the past decade, the researchers have made several attempts to consider the normal force variation in the contact interface in 
the original slip models or to propose modified versions of the original slip models, which were reviewed in state of the art. In this 
paper, a generalized Valanis model based on the original Valanis model is proposed following an investigation of the characteristic of 
the original Valanis model. An identification approach is proposed and verified using different numerical examples. Furthermore, a 3D 
detailed model of bolted flange joint is considered to obtain the nonlinear dynamic response of the system which is then used to 
identify the generalized Valanis model. 

In a joint contact interface, the friction force or slip mechanism is a function of contact pressure. Therefore, the change in contact 
pressure directly affects the contact mechanism in the tangential direction. The contact pressure distribution depends upon the surface 
roughness quality and surface texture. Contact surface degradation due to the slip mechanism changes the surface roughness quality 
and may affect the contact pressure distribution. These are regarded as the interaction between tangential and normal contact interface 
mechanisms. The model proposed in this paper does not directly consider this interaction. A feature of this interaction on the contact 
interface dynamics is non-symmetric hysteresis loops which can be simulated by the generalized Valanis model proposed in this paper. 

This paper is organized in 4 main parts. In Section 2 the characteristics of the original Valanis model are investigated and the 
generalized Valanis model is proposed in addition to an identification approach based on the generalized Valanis model. In Section 3, 
four numerical examples are used to verify the proposed identification approach. In Section 4, FE and mathematical models of bolted 
joint flanges are introduced to analyse the dynamic response of a beam system. Finally in Section 5 the results are discussed, and a 
linear parameter identification and a nonlinear dynamic analysis are performed. 

2. Modelling the hysteretic behaviour 

In this section, the original Valanis model is considered as a base and a friction model capable of generating unsymmetric hysteresis 
loops is proposed. Some characteristics of the original Valanis model are also investigated in this section. 

2.1. The original Valanis model 

In this section, the original Valanis model and its main properties are investigated. Before discussing the Valanis model properties, 
it is worth mentioning that the numerical results presented in this section are obtained using the SDOF system shown in Fig. 1. 

The restoring force Fnl of the nonlinear element NL in Fig. 1 is governed by a Valanis model. The differential equations governing 
the vibration of the SDOF system and the nonlinear restoring force can be represented as, 

mẍ+ kx+Fnl(t) = Fsin(ωt) (1)  

Ḟnl = E0ẋ
1 + λ

E0
sign(ẋ)(g1(x) − Fnl )

1 + κ λ
E0

sign(ẋ)(g2(x) − Fnl )
, λ =

E0

α0

(

1 − κ Et
E0

) (2) 

where E0 is the stiffness of contact interface at the sticking condition, Et is the slope of hysteresis loop in slip motion, κ controls the 
transition of the hysteresis loop from stick to slip and λ is characterized by the stick limit. State-dependent functions g1(x) and g2(x) are 
introduced in Equation (2). These functions help to investigate some properties of the Valanis model and to propose the generalized 
Valanis model later in this section. The function g1(x) controls the behaviour of the contact interface after the microslip regime and 
g2(x) has a very marginal effect on the shape of the Hysteresis loops. In the original Valanis model, we have g1(x) = g2(x) = Etx, which 

Fig. 1. SDOF system, m = 1kg, k = 100N/m, F = 1N,.ω = 9.85rad/s.  
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results in a linear behaviour after the microslip stage as shown in Fig. 2a (left). 
The effect of different g1(x) and g2(x) functions on the resultant Hysteresis loops is examined in Fig. 2. In Fig. 2b, three different 

functions for g1(x) and g2(x) are considered and their corresponding hysteresis loops for two cases explained in the following are shown 
in Fig. 2a. The two cases considered are g1(x) = g2(x) (i.e., case I) and g2(x) = 0 (i.e., case II). The hysteresis loops corresponding to the 
first case, i.e. when g1(x) = g2(x), is shown in red in Fig. 2a. For this case, g1(x) and g2(x) take three different functions, i.e. linear, 
quadratic and bilinear functions, as given in Equations (3) to (5), respectively. 

g1(x) = g2(x) = Etx (3)  

g1(x) = g2(x) = Etx+Et2x|x| (4)  

g1(x) = g2(x) =

{
Etx, x > 0
Et3x, x ≤ 0 (5) 

The parameters used in the simulations are given in Table 1. The hysteresis loops corresponding to this case reveal important 
characteristics of the original Valanis model. The hysteresis loop is symmetric when g1(x) and g2(x) are odd symmetric functions, as in 
the case of linear and quadratic functions. However, when g1(x) and g2(x) are non-symmetric functions as in the case of bilinear 
function, the hysteresis loop becomes non-symmetric. Moreover, the shape of the hysteresis loop reflects the type of g1(x) and g2(x)
functions used. When g1(x) and g2(x) are linear functions, the hysteresis loop is a pure symmetric loop with a linear behaviour after the 
micro-slip stage. This type of hysteresis loop corresponds to an ideal contact interface during vibration where there is no variation in 
the contact interface parameters, i.e. contact area, interfacial pressure, etc. 

In the case where g1(x) and g2(x) are quadratic functions, the hysteresis loop is still symmetric, but the behaviour is nonlinear after 
the micro-slip stage. This nonlinear behaviour could be the effect of the bolt shank stiffness on the hysteresis loops in a real bolted joint 
contact interface [39]. For the case of non-symmetric bilinear g1(x) and g2(x) functions, a drifted non-symmetric hysteresis loop occurs 
as shown in Fig. 2a (right). This can represent the behaviour of a contact interface when micro-vibro-impacts are developed in the 
interfacial area [40]. A second case where g2(x) − Fnl = 0 is considered while g1(x) is assumed to be linear, quadratic or bilinear 
function, as described above in equations (3–5). This results in a simple equation governing the restoring force of the nonlinear element 
in Fig. 1 as, 

Ḟnl = E0ẋ
(

1+
λ

E0
sign(ẋ)(g1(x) − Fnl )

)

(6) 

Fig. 2. The effect of different g1(x) and g2(x) functions on the hysteresis loops, (a) the hysteresis loops (case I in red line & case II in blue line) (b) 
corresponding g1(x) and g2(x) functions. 
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The hysteresis loops corresponding to this case are shown in blue in Fig. 2a. Comparing the red and blue hysteresis loops reveals 
that g2(x) has relatively negligible effects on the shape of the hysteresis loops. The results presented in Fig. 2a are obtained for a specific 
set of parameters. Further numerical investigations performed by the authors revealed that, at different sets of parameters values, the 
shape of the hysteresis loop remains the same when the case g2(x) − Fnl = 0 is considered. It is worth mentioning that although the 
hysteresis shape remains unchanged, it is slightly scaled when g2(x) − Fnl = 0 is considered. This will not affect the results since the 
focus in this study is on the shape of the hysteresis loop. This point is used as a guideline to introduce the generalized Valanis model in 
the next section. 

2.2. The generalized Valanis model 

The results presented in previous section showed that considering g2(x) − Fnl = 0 in Equation (2) has negligible effects on the shape 
of the hysteresis loop. This leads to the following general form for the generalized Valanis model as, 

{

Ḟnl = (C1 + (P1(x, ẋ) − C2Fnl ) )ẋ, ẋ > 0
Ḟnl = (D1 + (P2(x, ẋ) − D2Fnl ) )ẋ, ẋ ≤ 0

(7) 

where C1, C2, D1 and D2 are constant parameters. P1(x, ẋ) and P2(x, ẋ) can be identified using measured/simulated hysteresis loops. 
This is considered using numerical and simulated examples in the next sections. P1(x, ẋ) and P2(x, ẋ) functions can generate non- 
symmetric hysteresis loops, and this makes the simulation of the contact interface with variable normal pressure and variable con-
tact area possible. It is worth mentioning that for a contact interface with constant parameters, i.e., constant normal pressure and 
constant contact area, a much simpler form of the new slip model can be considered. For such a system, the hysteresis loop is symmetric 

Table 1 
Parameter values used in the simulations.  

E0 α0 κ Et Et2 Et3 

3000 1  0.1 100 2× 106 1  

Fig. 3. (a) Displacement (b) velocity (c) friction force (d) hysteresis loop over one response cycle for P(x, ẋ) = αx.  
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and the contact force can be obtained as, 

Ḟnl =

(

E1 +
ẋ
|ẋ|

(P(x, ẋ) − E2Fnl )

)

ẋ, (8) 

where E1 and E2 are constant parameters. Solving Equations (7) and (8) results in closed form expressions for the hysteresis loops. 
For example, in Equation (8), if P(x, ẋ) = αx is considered, the expression representing the hysteresis loops is obtained as, 

Fnl(x) =
ẋ
|ẋ|

[(
E1

E2
−

α
E2

2

)

+ ce−
ẋ
|ẋ|E2x

]

+
α
E2

x (9) 

where c is the constant of integration and can be evaluated using a single data set on the hysteresis loop. Point B or D in Fig. 3 is the 
best choice for calculating c. Points A and C can’t be used for this purpose because at these points, ẋ = 0. Substituting the coordinates 
of point B or D into equation (9) gives, 

c = Fnl +
α

E2
2 −

E1

E2
(10) 

As another example, considering P(x, ẋ) = αx+βx2|ẋ| results in the following expression for the hysteresis loops, 

Fnl(x) =
ẋ
|ẋ|

(
E1E2

2 − αE2 + 2β
E2

3 +
β
E2

x2 + ce−
ẋ
|ẋ|E2x

)

−
2β − E2α

E2
2 x (11) 

The constant of integration in this case is obtained as, 

c = Fnl −
E1E2

2 − αE2 + 2β
E2

3 (12) 

In the next section, an identification method is introduced for P(x, ẋ) by using measured/simulated hysteresis loops. 

2.3. Identification of P(x, ẋ) in the generalized Valanis model 

Consider that a measured/simulated hysteresis loop, i.e. the set of points [ xi&Fnli ], is known. xi and Fnli are respectively the 
displacement and friction force at time instant ti. The aim of this section is to identify P(x, ẋ) by using the measured hysteresis loop. 

Equation (8) can be written as, 

dFnl

dx
= E1 +

ẋ
|ẋ|

(P(x, ẋ) − E2Fnl ), (13) 

where dFnl
dx can be obtained using numerical differentiation. Knowing xi, Fnli and 

(
dFnl
dx

)

i 
at each time instant ti, the unknown pa-

rameters E1 and E2 and P(x, ẋ) can be identified using optimization algorithms. Polynomials are suitable choice for P(x, ẋ). Using a 
modified Pascal’s triangle given in the Appendix 7.1, the following general form can be considered, 

P(x, ẋ) = a1x+ a2ẋ+ a3x2 + a4xẋ+ a5ẋ2 +⋯ (14) 

The order of polynomials considered in Equation (14) depends upon the level of complexity of the hysteresis loop. Substituting 
Equation (14) into Equation (13) and considering the branch of the hysteresis loop corresponding to ẋ > 0, the unknown parameters 
can be identified as follows, 

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 x1 ẋ1

1 x2 ẋ2

x2
1 x1ẋ1 ẋ2

1

x2
2 x2ẋ2 ẋ2

2

− (Fnl)1

− (Fnl)2

⋮ ⋮ ⋮
1 xq ẋq

⋮ ⋮ ⋮
x2

q xqẋq ẋ2
q

⋮
− (Fnl)q

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E1

a1

a2

a3

a4

a5

E2

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
dFnl

dx

)

1
(

dFnl

dx

)

2

⋮
(

dFnl

dx

)

q

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(15) 

Re-writing Equation (15) in a matrix form gives, 

[H]{d} = {b} (16) 

The vector of unknown parameters {d} can be calculated using a least square procedure as, 

{d} =
(
[H]

T
[H]

)− 1
{b} (17) 

It should be noted that if the system of equations defined by Equation (16) are ill-conditioned, regularization techniques may be 
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used to overcome the ill-posed condition [41,42]. It is worth mentioning that in the above analysis, only one branch of the hysteresis 
loop was used to identify the model parameters (i.e. the branch corresponding to ẋ > 0). The next section considers numerical ex-
amples to verify the applicability of the proposed identification approach. 

3. Verification of the identification approach 

In this section the accuracy of the identification method introduced in the previous sections is examined by using numerical ex-
amples. Four examples are considered in this section. Different functions are considered for P(x, ẋ) and the hysteresis loops are 
simulated. Then, by using the hysteresis loops and the method proposed in previous section, P(x, ẋ) is identified and reconstructed. 

3.1. Example 1:P(x, ẋ) = αx 

Equation (8) shows the equations governing the friction force in this example, for particular parameter values, 

Ḟnl =

(

10+
ẋ
|ẋ|

(5x − 20Fnl)

)

ẋ, (18) 

Solving the set of Equations (1) and (18) simultaneously, the hysteresis loop is obtained using the steady state part of the response 
as is shown in Fig. 4. With Fnl known, dFnl

dx is calculated and substituted into Equation (15) for parameter identification. The identified 
parameters are reported in Table 2. The simulation results corresponding to one branch of the hysteresis loop are considered in the 
identification. Equivalent results are obtained if the other branch is used. 

It is worth mentioning that dFnl
dx fluctuates over a short interval at the two extreme ends of the x range. These intervals are not 

considered in the identification of the unknown parameters. 

3.2. Example 2:P(x, ẋ) = αx + βx2|ẋ|

Fig. 5 shows the results for simulated, identified and analytical hysteresis loops when. 
Ḟnl = (10 + ẋ

|ẋ|
(
30x + 1400x2|ẋ| − 20Fnl

))
ẋ is considered. The exact and identified parameters are tabulated in Table 3. The results 

show that the proposed method identified the model parameters with a high accuracy. As the branch of the hysteresis loop corre-
sponding to. 

ẋ > 0 is used in the identification, the following [H] matrix is used in the identification procedure for this example, 

[H] =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 x1

1 x2

x2
1ẋ1 − (Fnl)1

x2
2ẋ2 − (Fnl)2

⋮ ⋮
1 xq

⋮ ⋮
x2

qẋq − (Fnl)q

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(19)  

Fig. 4. (a) Hysteresis loop (b) dFnl
dx simulated (solid blue), reconstructed (red circles) and closed form solution (i.e. Eq. (9)) (dashed green).  
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3.3. Example 3:P(x, ẋ) = αx + βexẋ 

In the previous two examples, the exact form of P(x, ẋ) was considered in the identification procedure. However, this is not the case 
when the hysteresis loop is obtained by measurement or via numerical simulation, as described in the next sections. In such cir-
cumstances, the identification approach introduced in Section 2.3 must be used with a polynomial function considered for P(x, ẋ). In 
this section, Ḟnl = (30 + ẋ

|ẋ| [(5x + 3exẋ) × 104 − 500Fnl])ẋ is used to simulate the hysteresis loop shown in Fig. 6. Then, in the identi-
fication procedure, the following polynomial is considered, 

Table 2 
Exact and identified parameters (P(x, ẋ) = αx).   

E1 α E2 

Exact 10 5 20 
Identified 10.004 5.017 20.011  

Fig. 5. (a) Hysteresis loop (b) dFnl
dx simulated (solid blue), reconstructed (red circles) and closed form solution (i.e. Eq. (10)) (dashed green).  

Table 3 
Exact and identified parameters (P(x, ẋ) = αx + βx2|ẋ|).   

E1 α β E2 

Exact 10 30 1400 20 
Identified 10.018 30.53 1397.1 20.042  

Fig. 6. (a) Hysteresis loop (b) dFnl
dx simulated (solid blue) and reconstructed (red circles).  
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P(x, ẋ) = a1x+ a2ẋ+ a3xẋ (20) 

The identified parameters a1, a2 and a3 are reported in Table 4. 
The results presented in Fig. 6 indicate that the identification method introduced in the previous section identifies the hysteresis 

loops with an acceptable accuracy. 

3.4. Example 4:P(x, ẋ) =

{
α1sin(x), ẋ ≥ 0
α2x, ẋ < 0 

The functions used in this example are Ḟnl = (10+(40sinx − 20Fnl) )ẋ, ẋ ≥ 0 and Ḟnl = (10 − (15x − 20Fnl) )ẋ, ẋ < 0. The following 
assumed functions are used in the identification procedure. 

P(x, ẋ) =

{

a1x + a2x3 + a3x5, ẋ ≥ 0
a4x, ẋ < 0 (21) 

Fig. 7 shows the simulated and reconstructed results and in Table 5 the parameters of the functions used in the identification are 
reported. 

The results presented in this section show that the method proposed in the previous section is effective in the generalized Valanis 
model parameter identification. The next section considers the use of the generalized Valanis model and the identification approach in 
modelling a bolted flange structure. 

4. Bolted joint flange structure 

4.1. FE modelling and response simulation 

The 3D detailed finite element model simulating the micro-slip mechanism of a bolted flange by Jamia et al. [43] is used in this 
study. Two L-shaped flanges connected via 3 identical M8 bolts are considered, and the geometric details are shown in Fig. 8. The 
commercial software ANSYS Workbench was used to perform the finite element analysis. A fine mesh was adopted in the contact 
interface of the joint, bolts, nuts and washers as shown in Fig. 9a. Moreover, a fine mesh was considered near the flange holes to 
accurately capture the micro slip behaviour at the contact surfaces. 

The contact types between different elements of the system were assigned using the embedded contact elements in Ansys (i.e., 
bonded, frictionless and frictional) and the penalty-based contact algorithms (i.e., Augmented Lagrange and Pure Penalty) are 
considered to calculate the nonlinear solutions in the contact surfaces. Regarding boundary conditions, the lower side of the bottom 
flange was constrained. Furthermore, a preload was applied to the shank of each bolt. The load case shown in Fig. 9 is considered where 
two equal forces with opposite directions were applied in the transverse direction of the contact interface between the two flanges to 
excite the sliding behaviour in the contact surfaces. 

A dynamic analysis was performed where the system was subjected to a harmonic force defined as F1(t) = F2(t) = |F|sin(ωt) where | 
F| = 4 kN. A time integration simulation was performed over a period of 4 s using a time step of 0.0025 s. At each time step, the relative 
displacement of a point from the contact surfaces was calculated. Four different excitation frequencies were considered. The relative 
displacement in the x-direction was collected in order to calculate and plot the simulated hysteresis loops considered in the next 
sections. More details about this FE model can be found in Jamia et al. [43]. 

4.2. Mathematical modelling 

In this section a mathematical model is used to describe the dynamic response of the bolted-flange joint structure by using Euler- 
Bernoulli beam theory as represented in Fig. 10, 

The equations governing the structure are derived as, 

EIw’’’’
1 + ρAẅ1 = (Fsinωt − N(t))δ

(

x −
L
2

)

, 0 < x < L
/

2 (22)  

EIw’’’’
2 + ρAẅ2 = (N(t) − Fsinωt )δ

(

x −
L
2

)

, L
/

2 < x < L (23) 

where w1 and w2 are the lateral displacements in beams 1 and 2, F is the amplitude of the external forces applied to the structure at 
the joint section. N(t) shows the nonlinear part of the contact force in the tangential direction (i.e. y direction) at the interfacial area. 

Table 4 
Identified parameters for Equation (20).  

E1 a1 a2 a3 E2  

29.52 5× 104 29991 22104  499.53  
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Fig. 7. (a) Hysteresis loop (b) dFnl
dx simulated (solid blue), reconstructed for ẋ < 0 (red circles) and reconstructed for ẋ ≥ 0 (red stars).  

Table 5 
Identified parameters for Equation (21).  

E1 a1 a2 a3 a4 E2 

10  40.09  − 22.24  1176.6  15.14  20.02  

Fig. 8. Bolted flange geometry and dimensions (mm) (From Jamia et al. [43]).  

Fig. 9. (a) Two bolted flanges model (b) External loads.  
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The equivalent linear effect of the contact interface in the tangential and normal directions are shown by lateral and torsional springs, i. 
e. kw and kθ, in Fig. 10, respectively. M and J are the mass effects of the flange sections on the bending behaviour of the main parts of the 
structure. The governing equations are subjected to the following boundary conditions, 

w1(0, t) = w′

1(0, t) = w′′
2(L, t) = w′′′

2 (L, t) = 0 (24-27) 

The compatibility requirements at x = L/2 are, 

EIw′′′

1 = M1ẅ1 − kw(w2 − w1) (28)  

EIw′′
1 = − J1ẅ

′

1 + kθ
(
w′

2 − w′

1

)
(29)  

EIw′′′

2 = − M2ẅ2 − kw(w2 − w1) (30)  

EIw′′
2 = J2ẅ′

2 + kθ
(
w

′

2 − w
′

1

)
(31) 

In this study it is considered that kθ is constant. kw depends on the shape of the hysteresis loop (i.e. either symmetric or non- 
symmetric) and is obtained following the approach described in Fig. 9 or the identification technique described in Section 2.3. 

N(t) in the equations (22) and (23) is defined based on Equation (7) as, 

Ṅ(t) =
(

kw +
ż
|ż|

(P(z, ż) − kN(t) )
)

ż, (32) 

where z(t) is the relative displacement in the contact interface defined as, 

Fig. 10. The mathematical model for the bolted-joint flange structure.  

Fig. 11. Approach to determine kw by using the hysteresis loop.  
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z(t) = w1

(
L
2
, t
)

− w2

(
L
2
, t
)

(33) 

kw, P and k can be different for hysteresis loop branches corresponding to ż > 0 and ż < 0 as described in the previous section. Based 
on the approach described in Fig. 11, for the case of a symmetric hysteresis loop, kw = kw. For a non-symmetric hysteresis loop, kw =

kw1 for the branch corresponding to ż > 0 and kw = kw2 for the branch corresponding to ż < 0. 

4.3. Dynamic response analysis 

In the dynamic response analysis considered for the structure shown in Fig. 12, linear mode shapes are needed. Therefore, linear 
modal analysis is considered for equations (22) and (23) by removing the external excitation and neglecting the non-linear forces from 
these equations, i.e. by setting N(t) = F = 0. The results for the linear modal analysis and parameter identification are provided in the 
next sections. 

The assumed mode method is used to solve the governing Equations (22) and (23). The solution is approximated by using the first 
mode shape as, 

w1(x, t) = Y11(x)q(t), 0 < x <
L
2

(34)  

w2(x, t) = Y12(x)q(t),
L
2
< x < L (35) 

where Y11(x) and Y12(x) form the first mode shape Y1(x) and are obtained by solving the linear problem given in the Appendix 7.2. 
Substituting Equations (34) and (35) into equations (22) and (23), multiplying both sides by Y1(x) and integrating over the 

structure length, i.e. x = [0,L], results into the following set of nonlinear equations, 

b1q̈(t)+ b2q(t) = sinωt − N(t) (36)  

Ṅ(t) =
(

kw +
q̇(t)
|q̇(t)|

(P(η, η̇) − knN(t) )
)

η̇ (37) 

where, 

b1 = ρA

[ ∫ L/2

0
Y11

2dx+
∫ L

L/2
Y12

2dx

]/

b3 (38)  

b2 = EI

[ ∫ L/2

0
Y11Y11

′′′′dx+
∫ L

L/2
Y12Y12

′′′′dx

]/

b3 (39)  

b3 =

[

Y11

(
L
2

)

− Y12

(
L
2

)]

(40)  

η(t) = b3q(t) (41) 

By solving Equations (36) and (37), the dynamic response is obtained. 

5. Results and discussion 

In this section the suitability of the new slip model proposed in the previous sections in predicting the dynamic response of bolted 
flange structures is discussed and the results are presented. Four hysteresis loops simulated by the FE model of Section 4.1 are used in 
this section. The procedure employed is as follows: First, the method described in Section 2.3 is used to identify the equations gov-
erning the simulated hysteresis loops. Then the slip model for the contact interface is characterized by using one of the simulated 
hysteresis loops. This results in the identification of kw. kw can equivalently be estimated by using the approach described in Fig. 12. By 
estimating kw, the linear part of Equations (22) and (23) are solved for the natural frequencies as described in the Appendix 7.2. Then, 
the unknown linear parameters in the mathematical model shown in Fig. 12, i.e. kθ, M and J, are identified by comparing experimental 
and analytical natural frequencies using an eigen-sensitivity based approach [44]. A numerical/FE model can also assist in the linear 
model parameter identification. Finally, the first mode shape and the identified slip model are substituted into equations (36)-(41) and 
the hysteresis loops are reconstructed by solving these equations and are compared with the initial simulated ones. The next section 
considers identification of the generalized Valanis model using one of the simulated hysteresis loops. 

5.1. Generalized Valanis model identification 

The simulated hysteresis loops used in this paper are shown in Fig. 12. One hysteresis loop, i.e. Fig. 12(b), is used to identify the 
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generalized Valanis model parameters. Equation (37) is considered to govern this hysteresis loop. The polynomial P(η, η̇) given in 
Equation (42) is considered. Using the method proposed in Section 2.3, the different parameters of the polynomial P are identified and 
reported in Table 6 for the branch of hysteresis loop corresponding to η̇ > 0, 

P(η, η̇) = a1η+ a2η̇+ a3η̇2
+ a4η̇3 (43) 

The identified parameter kw can equivalently be estimated by using the approach described in Fig. 11. 

5.2. Linear parameter identification 

The simulated natural frequencies reported in Table 8 are used in this section to construct a base linear system for the flange 
structure, to be used in the nonlinear response analysis in the next section. The linear parameters in the mathematical model described 
in Fig. 10 are kw, kt , M and J from which kw was identified in the previous section. The remaining linear parameters are estimated in 
this section using three natural frequencies and adopting an eigen-sensitivity based identification approach. The identified parameters 
and the comparison between simulated and identified natural frequencies are reported in Tables 7 and 8. Table 8 shows that the 
identified model can effectively predict the flange structure dynamics up to its third mode. The predicted natural frequencies by the 
model proposed in this paper shows a higher accuracy compared to the model used in [43]. 

The next section considers nonlinear dynamic analysis by using the linear base model identified in this section. 

5.3. Non-linear dynamic analysis 

The linear base model and the generalized Valanis model identified in the previous sections are used and Equations (36) and (37) 
are solved for the nonlinear dynamic response simulation of the flange structure. The simulated dynamic responses are used to 

Fig. 12. Simulated (blue) and reconstructed (red) hysteresis loops at different excitation frequencies (a) ω = 7Hz (b) ω = 15Hz (c) ω = 20Hz 
(d).ω = 25Hz 

Table 6 
Identified parameters for the generalized Valanis model.  

kw(N/m) a1 a2 a3 a4 kn 

3.33× 108  − 2175.3 2.70× 105  273.2  0.314 7.13× 104  
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reconstruct the hysteresis loops. A comparison between the original and reconstructed hysteresis loops are shown in Fig. 12. It is worth 
mentioning that in the results shown in Fig. 12, the slip model identified by using one hysteresis loop, i.e. @ ω = 15Hz, is used to 
reconstruct the other hysteresis loops. The results shown in Fig. 12 indicate the effectiveness and predictability of the generalized 
Valanis model proposed in this paper. 

6. Conclusions 

A generalized Valanis model has been proposed for the hysteretic behaviour of frictional contact interfaces which can be used to 
generate both symmetric and non-symmetric hysteresis loops. The formulation proposed makes identification of model parameters 
possible by using measured/simulated results. Different numerical examples were used to show the effectiveness of proposed iden-
tification approach. To demonstrate the integration of the new model into a simplified dynamic model of an assembled structure, 
simulation results of a bolted flange structure were used. The identification results presented show that the proposed slip model can be 
used effectively to simulate the behaviour of frictional contact interfaces in assembled structures. 
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Appendix 

A.1. Modified Pascal triangle 

1
x ẋ

x2 xẋ ẋ2

x3 x2ẋ xẋ2 ẋ3  

A.2. Linear modal analysis 

The equations governing the linear behaviour of flange structure are derived as, 

EIw’’’’
1 + ρAẅ1 = 0, 0 < x < L

/
2 (A1)  

EIw’’’’
2 + ρAẅ2 = 0, L

/
2 < x < L (A2) 

The boundary conditions and compatibility requirements are defined in Equations (16)-(24). By considering a harmonic response 
as w1(x, t) = Y1(x)sinωnt and w2(x, t) = Y2(x)sinωnt and substituting into the governing equations, boundary conditions and compat-
ibility requirements one obtains the following equations, 

Table 7 
Identified linear parameters for the contact model.  

kt(kNm/rad) M(g) J(kg.m2)

22.089  69.12 16.011× 10− 5  

Table 8 
Natural frequency comparison (Hz).   

ω1 ω2 ω3 

Simulated  34.93  196.84  589.97 
Identified  34.60  197.2  590.08 
Error (%)  − 0.94  0.18  0.02  

H. Jalali et al.                                                                                                                                                                                                          



Mechanical Systems and Signal Processing 179 (2022) 109339

15

Y ′′′′
1 + λ4Y1 = 0, Y ′′′′

2 + λ4Y2 = 0, λ4 =
ρA
EI

ω2
n (A3-A4)  

Y1(0) = Y
′

1(0) = Y ′′
2 (L) = Y′′

′

2(L) = 0, (A5-A8)  

EIY ’’’
1 + kw(Y2 − Y1) + ω2

nM1Y1 = 0, @x = L
/

2 (A9)  

EIY ′′
1 − kθ

(
Y ′

2 − Y ′

1

)
− ω2

n J1Y ′

1 = 0, @ x = L/2 (A10)  

EIY ′′′

2 + kw(Y2 − Y1) − ω2
nM2Y2 = 0, @ x = L/2 (A11)  

EIY ′′
2 − kθ

(
Y ′

2 − Y ′

1

)
+ω2

nJ2Y ′

2 = 0, @ x = L/2 (A12) 

Solving equations (A3) and (A4) results in the following solutions, 

Y1(x) = [Q(x)]{c1}, 0 < x < L/2 (A13)  

Y2(x) = [Q(x)]{c2}, L/2 < x < L (A14) 

where, 

[Q(x)] = [ sin(λx) cos(λx) sinh(λx) cosh(λx) ] (A15)  

{c1} = [ c11 c12 c13 c14 ]
T (A16)  

{c2} = [ c21 c22 c23 c24 ]
T (A17) 

Substituting Equations (A13) and (A14) into Equations (A5-A12) one may obtain, 

[Γ]{c} =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Q(0)

Q′

(0)

0

0

0

0

Q′′(L)

Q′′′

(L)

EIQ′′′

(
L
2

)

+
(
ω2

nM1 − kw
)
Q
(

L
2

)

EIQ′′

(
L
2

)

+
(
kθ − ω2

nJ1
)
Q

′

(
L
2

)

− kwQ
(

L
2

)

kθQ′

(
L
2

)

kwQ
(

L
2

)

− kθQ
′

(
L
2

)

EIQ′′′

(
L
2

)

+
(
kw − ω2

nM1
)
Q
(

L
2

)

EIQ′′

(
L
2

)

+
(
ω2

nJ1 − kθ
)
Q′

(
L
2

)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

{
{c1}

{c2}

}

= {0} (A18) 

where ( )
′

=
d( )

dx .. 
The natural frequencies are obtained by solving |Γ| = 0. By substituting the natural frequencies in Equation (A18), the mode shapes 

are known. 
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