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Unsteady nonlinear magnetization dynamics are studied in an easy-plane ferromagnetic channel subject to spin injection at one
edge. The model Landau-Lifshitz equation is known to support steady-state solutions, termed dissipative exchange flows (DEFs)
or spin superfluids. In this work, by means of numerical simulations and theoretical analysis, we provide a full description of the
injection-induced, large-amplitude, nonlinear magnetization dynamics up to the steady state. The dynamics prior to reaching steady
state are driven by spin injection, the perpendicular applied magnetic field, the exchange interaction, and local demagnetizing fields.
We show that the dynamics take well-defined profiles in the form of rarefaction waves (RW), dispersive shock waves (DSW), and
solitons. The combination of these building blocks depends on the interplay between the spin injection strength and the applied
magnetic field. A solitonic feature at the injection boundary, signaling the onset of the magnetic "supersonic" condition at the
injection edge, rapidly develops and persists in the steady-state configuration of a contact soliton DEF. We also demonstrate the
existence of sustained soliton-train dynamics in long time that can only arise in a nonzero applied magnetic field scenario. The
dynamical evolution of spin-injection-induced magnetization dynamics presented here may help guide observations in long-distance
spin transport experiments.
Index Terms—ferromagnet, spin injection, nonlinear dynamics, dispersive spin shock wave, soliton

I. I NTRODUCTION
PROMISING means for long-distance transport of angular momentum is so-called spin superfluidity [1]–[4].
This type of spin transport extends the fluid-like behavior
of small-amplitude spin waves, first proposed by Halperin
and Hohenberg [5], into a large-amplitude regime capable
of exhibiting nonlinear waves conveniently analyzed within
a dispersive hydrodynamic (DH) framework [6]. Here, the
magnetization vector m = (mx , my , mz ) is recast in terms of
the longitudinal spin density n = mz and the magnetic fluid
velocity u = −∇ arctan(my /mx ) that is proportional to the
spin current, revealing an analogy between magnetodynamics
and fluid dynamics. This has been found to be especially
beneficial for theoretical studies in the context of spin superfluids and their instabilities [7]. The DH representation of the
Landau-Lifshitz (LL) equation is an exact transformation and
describes the essential physics of a ferromagnet: exchange,
anisotropy, and damping, manifested as wave dispersion, nonlinearity, and viscous effects, respectively. In a dispersiondominated fluid-like medium, large gradients in a physical
quantity (e.g. fluid density) can give rise to dispersive shock
waves (DSWs) [8]. DSWs are expanding, highly oscillatory,
nonlinear excitations that realize a coherent transition between
two states, the superfluidic, dispersive counterpart to viscous
shock waves. Ferromagnets are rich in dispersive phenomena
so these dispersive nonlinear wave patterns are expected to
arise under the appropriate conditions. Indeed, DSWs have
been experimentally observed in the envelope of weakly
nonlinear spin waves excited in Yttrium Iron Garnet (YIG)
[9].
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In this work, we consider the spin transport dynamics
excited by spin injection at a material boundary. This can
be realized, for example, by the spin Hall effect, which has
been experimentally used to detect, e.g., spin waves at long
distances [10] and to observe signatures of spin superfluidity
[11], [12]. The initial condition is a uniform ferromagnetic
state with zero velocity u = 0 everywhere. Subsequently,
spin injection at the left boundary is initiated and gradually
increases in magnitude, modeled as a hydrodynamic boundary
condition (BC) [13] with |u| rising smoothly. In this paper,
we present the temporal evolution of magnetization dynamics,
described in DH variables, in an easy-plane anisotropic ferromagnetic channel subject to spin injection at one end. Our
model incorporates the easy-plane shape anisotropy induced
by a thin-film ferromagnetic sample, for which variations in
the directions transverse to wave propagation are assumed negligible. This somewhat idealized model has been shown to be
quantitatively accurate in realistic micromagnetic simulations
in the absence of an externally applied field [14] where the
steady-state solutions, dissipative exchange flow (DEF) and
contact soliton DEF (CS-DEF), were robustly observed in the
presence of nonlocal dipole fields and transverse variations.
A DEF, sustained by spin injection, is a stable noncollinear
magnetization state that demonstrates spatially diffusing transport of angular momentum, that can be interpreted as a spin
current. The emergence of a CS corresponds to the magnetic
sonic condition [6], [14], a valuable concept introduced by
the analogy between the DH framework and fluid dynamics.
In this work, we identify the stages of development–from spininjection ramp-up to the steady state–of the magnetization
states in the absence and presence of an externally applied
magnetic field. The corresponding solution structures within
each stage are found to be rarefaction waves (RWs), DSWs,
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and solitons, depending on the spin injection strength and the
applied magnetic field magnitude. In particular, DSWs can
only arise when the applied field is nonzero. Additionally, a
nonzero applied field can give rise to a persistent, propagating,
self-interacting soliton-train dynamical solution in long time.

The long-wave phase velocities can be derived from the
spin-wave dispersion of waves on a uniform hydrodynamic
state (UHS), described by spatially uniform spin density and
fluid velocity n̄ and ū [6], and are given by
p
(5)
s± = 2n̄ū ± (1 − n̄2 )(1 − ū2 ).

II. M ODEL

The current system is identified to be subsonic when s− <
0 < s+ and supersonic when s+ < 0. In a supersonic
system,
|u| is larger than the magnetic sound speed |usonic | =
p
(1 − n̄2 )/(1 + 3n̄2 ). In addition, we use the long-wave
velocities to predict the dynamical structures that arise for
given spin injection and applied field. The temporal evolution
of spin-injection-induced dynamics involves three stages,
1: Injection rise. If the injection is supersonic, that is when
s+ |x=0 < 0, a CS at the injection end is developed
within the rise time. The emergence of the CS can be
understood as an accumulation of spin current at the
injection boundary because the long waves propagate to
the left and encounter the boundary. We show in the
simulation section that the CS developed at this stage
typically persists throughout the dynamical evolution
and the steady state. The remaining dynamics can be
modeled as effectively damping-free. There are two
possible solution types:
(a) If s+ |x=0 < s+ |x=L , expansion dynamics occur,
for example a RW. The solution of this type can be
further approximated by the long-wavelength limit.
(b) If s+ |x=0 > s+ |x=L , compression dynamics occur and self-steepening in physical variables takes
place. Within the injection time, the self-steepening
results in wave-breaking that leads to the formation
of a dispersive shock.
One mixed case is also possible with s+ |x=0 > s+ |x=L
at an early time during injection rise and s+ |x=0 <
s+ |x=L later.
2: Pre-relaxation when the spin injection is maintained
at its maximum strength. The dynamics in this stage
can be approximated by the conservative limit on times
t0 < t ∼ α1 as we will show in simulation. Besides
the CS, the rest of the solution structure continues to
develop. This stage marks the temporal range where
the dispersive hydrodynamics become fully developed,
dissipation has not diminished prominent features in
the solution structures, and the right boundary has not
interacted with the developed dynamics.
3: Relaxation. In this stage, damping is essential and drives
the system to a long-time configuration.
An example of the entire time evolution exhibiting all dynamical structures in terms of the hydrodynamic variables n
and u is shown in Fig. 1. The detailed numerical scheme
used is presented in the next section. In the example, the
ferromagnet length is L = 300 (1.65 µm for Py), the injection
rise time is t0 = 80 (2.8 ns for Py), the maximum injection
strength is u0 = 0.9, and the applied field is h0 = 0.5.
During the injection rise in Stage 1, the injection induces
both compression and expansion, giving rise to a variety of
structures. First, the injection satisfies case 1(b) (compression)

In this work, the magnetization dynamics are effectively
modeled by one-dimensional (1D) variations in a planar ferromagnetic channel oriented in the x̂ direction. The governing
equation is the non-dimensional LL equation in 1D, given by
∂t m = −m × heff − αm × (m × heff ),

x ∈ (0, L), t > 0,
(1)

where
heff = ∂xx m − mz ẑ + h0 ẑ.

(2)

Here, m is the magnetization vector normalized by the
saturation magnetization Ms . The effective field is heff =
∆m − mz ẑ + h0 ẑ , also normalized by Ms , consisting of
exchange, easy-plane anisotropy, and a constant externally
applied magnetic field along the perpendicular-to-plane (z)
axis, respectively. The Gilbert damping parameter is α > 0.
The non-dimensionalization is achieved by scaling time by
|γ|µ0 Ms and scaling space by λ−1
ex , where γ is the gyromagnetic ratio, µ0 is the vacuum permeability, and λex is
the exchange length. All dimensional quantities quoted in
this work are for Permalloy (Py) in which γ = 28 GHz/T,
µ0 = 4π × 10−7 N/A2 , Ms = 790 kA/m, λex = 5 nm, and
α = 0.005. The DH form is obtained by recasting the LL
equation in terms of the hydrodynamic variables
spin density: n = mz ,
fluid velocity: u = −∂x Φ = −∂x arctan(my /mx ).
The spin injection at x = 0 is modeled as a perfect spin
source. At x = L, we assume a perfect spin sink with no spin
pumping, modeled as a free spin BC. Thus, the BCs are given
by
∂x n(x = 0, t) = 0,
u(x = 0, t) = ub (t),

∂x n(x = L, t) = 0,

(3a)

u(x = L, t) = 0,

(3b)

where ub (t) is the time-dependent spin injection strength
whose magnitude increases from 0 at t = 0 to the final intensity |u0 | monotonically and smoothly. In the simulations,
h
we adopt
 a ihyperbolic tangent profile ub (t) =
t−t0 /2
u0
tanh
+ 1 to model a smooth change in the fluid
2
t0 /10
velocity and thus the rise time t0 is defined as the time where
the injection magnitude reaches 99.99% of its extremum |u0 |.
In addition, we consider only modulationally stable dynamics
[6], [15] by restricting the injection to |u0 | < 1, so there are
no long-wave instabilities. The initial condition (IC) in the DH
variables is given by

with |h0 | < 1.

n(x, t = 0) = h0 ,

(4a)

u(x, t = 0) = 0,

(4b)
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Fig. 1. An example time evolution of 1D magnetization dynamics excited by spin injection in a planar ferromagnetic channel of length L = 300 (1.5 µm):
injection rise time t0 = 80 (2.8 ns), injection strength u0 = 0.9, applied magnetic field h0 = 0.5. Blue solid line: damping coefficient α = 0; orange dotted
line: α = 0.005. Green shade: CS; yellow shade: RW; blue shade: DSW.

which leads to self-steepening (shaded in blue). Then, the
injection satisfies case 1(a) (expansion) so that the structure is
slowly varying (shaded in yellow). Finally, s+ |x=0 becomes
negative and a CS develops at the injection boundary (shaded
in green). Within the injection rise, the damped and the
undamped solution are almost identical, indicating that the
dynamics are dominated by dispersion. In Stage 2 at t = 200
(≈ 7 ns for Py), the compression and expansion dynamics
develop further into well-defined structures. Reading from
right to left in the middle panel of Fig. 1: Compression
leads to a DSW (shaded in blue), an expanding, highlyoscillatory, and rank-ordered structure with large amplitude
at one edge and diminishing wave amplitude at the other
edge [8]; Expansion gives rise to a RW (shaded in yellow),
which is an expanding, non-oscillatory, slowly-varying wave.
The CS (shaded in green) remains pinned to the injection site
and an intermediate constant state develops between it and
the RW. It is worth pointing out that DSWs and RWs have
been identified in a two-component Bose-Einstein condensate
whose approximate governing dynamical equations are the
same as the DH formulation of the dissipationless LL [16],
[17]. Here, both DSW and RW persist in the presence of
damping (dashed red curves) while the intermediate state
between the RW and the CS is lost. Finally, in Stage 3 the
damping-driven relaxation process dissipates all oscillations
and relaxes the system to the steady-state solution, a CS-DEF.
III. N UMERICAL S IMULATIONS
In this section, we present the simulation results of the
magnetization dynamics induced by spin injection in a planar
ferromagnetic channel. We solve the LL equation (1) subject
to the BCs
∂x m(x = 0, t) = ub (t)m(x = 0, t) × ẑ, ∂x m(x = 0, t) = 0,
(6)
where the spin injection BC is of a Robin (mixed) type and
the free spin BC is of the Neumann type [2]. The IC is given
by
q
mx (x, t = 0) = 1 − h20 ,
(7a)
my (x, t = 0) = 0,

(7b)

mz (x, t = 0) = h0 .

(7c)

This initial-boundary value problem (IBVP) is solved using
the method of lines: the right-hand-side of Eq. (1) is spatially
approximated by the sixth-order centered finite difference
method and the result serves as an approximation to the time
derivative at the current time; then the IC is time-stepped
discretely using the MATLAB built-in initial value problem
(IVP) solver ode23. The spin injection and free spin BCs are
implemented using 6th-order local extrapolation polynomials
with ghost points [18] to maintain the order of accuracy and
smoothness in the solution near the boundaries. During the
rise time, the spin injection changes slowly enough so as to
reduce additional oscillations. With this numerical model, we
explore the unsteady magnetization dynamics in the absence
and presence of an externally applied magnetic field. We
show results at Stage 2, where the nonlinear solutions are
fully developed, and Stage 3, where dissipation dominates the
solution.

A. Zero Applied Field h0 = 0
Fig. 2 shows the numerical simulation results for the zero
field case. We only discuss the negative injection results here
since the solutions for positive injection strength have the
opposite signs, due to the symmetry x → −x and u → −u
when h0 = 0.
We start our discussion with u0 = −0.7 solutions, shown in
Fig. 2(a). In Stage 1, it is found that the long-wave velocities
satisfy s+ |x=0 < s+ |x=L (case 1(a)) throughout the injection
rise time. Hence, only expansion dynamics arise. In addition,
s+ |x=0 < 0 and thus the system becomes supersonic and a
CS is formed during this stage. In Stage 2, shown in the left
panels of Fig. 2(a), a RW (shaded in yellow) develops and
expands while the CS (shaded in green) stays stationary at the
injection end. We term the undamped solution a CS|RW, with
"|" denoting the intermediate constant state in between. We
point out that the small-amplitude oscillations at the leading
edge of the RW are caused by the injection rise dynamics and
are not a DSW solution [8], [16]. At the end of Stage 3, the
damped solution reaches a CS-DEF steady-state configuration.
Notice that the RW has decayed into the DEF.
The u0 = −0.3 solution is shown in Fig. 2(b). Throughout
Stage 1 of the injection rise, it is found that s+ |x=0 < s+ |x=L

CE-07

(a)

4

0.7

0.7

0.3

0.3

0
-0.1

0
-0.1

-0.1

-0.1

-0.4

-0.4

-0.7

-0.7
0

(b)

100

200

300

0

0.3

0.3

0.1
0
-0.1

0.1
0
-0.1

0

0

-0.2
-0.3

-0.2
-0.3
0

100

200

300

(a)

100

200

0.8

0.8

0.4

0.4

0
0.4

0
0.4

0

0

-0.4

300

(b)

100

200

300

Fig. 2. Simulation results of Stage 2 (left panels) and Stage 3 (right panels,
52.5 ns) of the time evolution of spin-injection-induced dynamics in a planar
ferromagnetic channel of length L = 300 (1.5 µm) with zero applied field
h0 = 0. The spin injection intensities are (a) u0 = −0.7, (b) u0 = −0.3.
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Fig. 3. Simulation results of Stage 2 (left panels) and Stage 3 (right panels,
114 ns) of the time evolution of spin-injection-induced dynamics in a planar
ferromagnetic channel of length L = 300 (1.5 µm) with constant applied
field h0 = 0.5 along the perpendicular z-axis. The spin injection intensities
are (a) u0 = 0.3, (b) u0 = 0.7. An additional supersonic simulation result
with u0 = 0.9 is shown in Fig. 1.

(case 1(a)). Hence, only expansion dynamics (shaded in yellow) are identified in Stage 2, shown in the left panels in
Fig. 2(b). The steady-state solution after relaxation is identified
to be a DEF for this subsonic injection.
B. Uniform Perpendicular Applied Field h0 6= 0
Fig. 1 and 3 show the numerical simulation results when
h0 = 0.5. It is found that the dynamical and steady-state
solutions with negative injections have the same solution
structures as the zero field case discussed earlier: a RW
for subsonic injection relaxes to a DEF, and a CS|RW for
supersonic injection relaxes to a CS-DEF. Therefore, we only
further discuss the positive injection results here. In addition,
we only present the solutions for a positive field (in the
+z direction) because there exhibits an odd symmetry in the
u0 − h0 plane, a generalization of the symmetry about u0 = 0
in the zero field case. We also point out that relaxation (Stage
3) requires longer time to achieve a long-time configuration
because of the large amplitude in a DSW.
We start the discussion with the small injection strength
u0 = 0.3. During Stage 1, it is found that s+ |x=0 > s+ |x=L
(case 1(b)) throughout. Thus compression dynamics are generated immediately and self-steepening is expected to lead to
wave-breaking that results in a highly-oscillatory DSW. The
simulation shown in the left panel of Fig. 3(a) confirms this
prediction (shaded in blue). The DSW reveals the dispersiondominated dynamics that are characteristic of ferromagnets on
short enough time scales. In addition, s− |x=0 < 0 < s+ |x=0
for u0 = 0.3, and hence the magnetic "flow" is always subsonic without a CS. After relaxation, the steady-state solution
is a DEF, shown in the right panel of Fig. 3(a).
With moderate injection u0 = 0.7, during Stage 1, it
is found that s+ |x=0 > s+ |x=L (case 1(b)) at first and

Fig. 4. Space-time contour of long-time dynamics for u0 = 0.7, h0 = 0.5,
a traveling soliton train on DEF. This contour plot demonstrates a full cycle
of the soliton train traveling left, being reflected by the injection boundary,
self-interacting, traveling right, and being reflected by the spin sink boundary.

then s+ |x=0 < s+ |x=L (case 1(a)) thereafter. Therefore,
compression dynamics are induced immediately and a DSW
will emerge as a result of self-steepening and wave-breaking.
This is followed by expansion dynamics, manifesting in a
RW. Both of these structures are fully developed by Stage
2, shown in the left panel of Fig. 3(b). The DSW (shaded
in blue) is observed directly adjacent to the RW (shaded in
yellow). The left edge of the DSW travels at the same speed
as the right edge of the RW. Hence, this DSW is the analog
of a contact discontinuity in classical fluids and is termed
a contact DSW (cDSW) [16], [17]. Thus, we term the pre-
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relaxation solution a RW-cDSW composite wave. Similarly,
the supersonic solution with u0 = 0.9 shown in Fig. 1 is a
CS|RW-cDSW. Throughout Stage 1, s− |x=0 < 0 < s+ |x=0
so the solution remains subsonic. In Stage 3, a new longtime configuration is observed. In Fig. 3(b) right panel and
Fig. 4, the background mean flow can still be identified as a
DEF steady-state, but there is additionally a train of solitons
on top. These solitons are dynamic, as they travel back and
forth and interact with each other within the ferromagnet. A
complete cycle of the periodic motion of the soliton train
is shown in Fig. 4. It is also observed that vacuum states,
where |n| = 1 and u switches sign, can be reached after
the solitons are reflected by the spin injection boundary. The
simulation in Fig. 4 indicates that these solitons are amplified
to reach vacuum after being reflected by the spin injection left
boundary and then decrease in amplitude to fall back from
vacuum through the spin sink at the right boundary. These
distinct long-time dynamics call for a different analytical
description than those for the DEF/CS-DEF steady states.
IV. D ISCUSSION AND C ONCLUSION
In this paper, we described the time evolution of magnetization dynamics induced by spin injection at one edge of
an effective easy-plane ferromagnetic channel. Our analysis
utilizes the DH framework, which provides a fluid analogy of
ferromagnetism. We use the long-wave velocities during the
injection rise stage to predict the solution structures that are
verified qualitatively by numerical simulations. If the injection
is supersonic, a CS at the injection site completes development
by the end of the rise time and lives through the entire
time evolution. This signature feature indicates that there is a
saturation limit of angular momentum a thin-film ferromagnet
can support through nonlinear textures. During pre-relaxation
(Stage 2), highly-oscillatory dispersive wave structures, such
as a DSW and a RW-cDSW, arise only when the applied
magnetic field is non-zero. A more detailed theoretical description is needed to clarify the interplay between the spin
injection strength and the externally applied field magnitude
that gives rise to these structures in order to identify their
salient features. After the relaxation process, other than a
DEF or a CS-DEF steady-state configuration, our numerical
simulation reveals a dynamical long-time solution of a train of
traveling, interacting solitons on a DEF profile in a subsonic
scenario. The conditions required for this novel long-time
behavior and its mechanism are under further investigation. We
also point out that the presented simulation results are obtained
under ideal conditions: a defect-free ferromagnet with only
local dipole fields, a perfect spin source at one boundary, and a
perfect spin sink at the other. Nevertheless, the predicted time
evolution of magnetization dynamics suggests new features
to look for in an experimental realization of microscopic
spin transport in a ferromagnet that can be detected in the
nanosecond regime.
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