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Abstract
This paper studies practical consensus problems for continuous-time multiagent systems with
heterophilous dynamics. Agents in the network tend to cease communication when they are close
enough to each other inspired by the heterophily principle in social and opinion dynamics. We
propose two types of state constraints on dynamical agents, in which the hard constraint refers to
exogenous restrictions that rule the entire evolution of the agent behavior and the soft constraint
turns out to be endogenous and only the ultimate equilibria of the agents are restricted. Suﬃcient
conditions have been established to achieve practical consensus for both types of constrained
systems. Numerical simulations show that the practical consensus time grows logarithmically,
revealing a rapid convergence with respect to disagreement of initial conditions.
Keywords: Practical consensus, complex network, heterophily, hard constraint, soft constraint,
nonlinear dynamics.
2000 MSC: 93E03, 93D05
1. Introduction
Networked dynamical systems are ubiquitous in nature and technology, and they play an indispensable part in the functionality and operation of modern society [1, 2]. When a system is
formed by interacting units, the cooperative coordination of the system components is a fundamental notion applicable to distributed computation, control engineering, multiagent systems,
etc. A classical problem considered in cooperative control is the consensus problem [3], which
consists of designing distributed rules so that all agents in the network converge to a common
consistent state based on local information exchange. Consensus problems have been extensively
studied for single and double integrators [3, 4], linear systems [5, 6], and systems with nonlinear
dynamics [7, 8], just to name a few.
The realization of consensus requires the convergence of the agents in a network to a single point, which is not always possible or eﬀective in many applications due to, for example,
environment noises or physical limitations. A natural and weaker concept of consensus is for
the agents to converge to a bounded region encompassing an equilibrium. This line of research
has been studied under the name of practical consensus (synchronization), or quasi-consensus.
Practical consensus has been considered in [9] for continuous-time linear multiagent systems
to accommodate a non-vanishing diﬀusive coupling control gain. In [10], suﬃcient conditions
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have been derived for practical leader-following consensus in a delayed nonlinear system using
the Lyapunov-Krasovskii approach. Employing linear matrix inequalities, a distributed practical
consensus protocol is designed in [11] for a discrete-time multiagent system subject to stochastic
noises and deception attacks. Practical synchronization of Kuramoto oscillators with intrinsic
dynamics has been investigated in [12]. Practical synchronization has also been analyzed in
many other physical models including the Lorenz chaotic system [13] and the Schrödinger-Lohe
system [14, 15].
Another interesting application of practical consensus is in opinion dynamics [17, 18, 16],
where opinion evolution is modeled for a group of dynamical agents in social networks. In
sociological research, the formation of social relationship and groups has well found to be facilitated by the heterophily principle [19, 20, 21], meaning that two agents with suﬃciently similar
opinions tend not to change their opinions. This observation also underpins classical averaging
algorithms [2, 3] in that the contribution of the state of an agent to its neighbor is proportional to
their diﬀerence. To model heterophilous phenomenon, the work [22] recently introduces a small
similarity interval for opinion dynamics, where no interaction will happen between two agents
if their opinions are within the similarity interval. A modiﬁed Hegselmann-Krause mechanism
of opinion diﬀusion has been developed therein to solve analytically the practical consensus
problem, corroborating previous empirical observations.
Notice that the aforementioned works on practical consensus focus on unconstrained systems, namely, the states of agents are not conﬁned to a region. In practice, however, there are
many scenarios where state constraints are essential. Examples include suitable range of temperature and humidity in smart building control, restricted safe area and speed in formation of
autonomous vehicles and robots, and expression opinions conforming to certain norms in social networks. Some eﬀective consensus algorithms with constrains have been designed in the
literature using techniques such as barrier functions [23, 24], discard nodes [25], projection operators [26, 27, 28], and saturation functions [29, 30, 31]. It is worth mentioning that practical
consensus has not been examined in the above works. Arguably, practical consensus for state
constrained multiagent systems becomes much more challenging than standard consensus due
to the diﬃculties in both restricted dynamics and nonlinearities induced by the heterophilous
mechanisms of practical consensus (see e.g. the modulation function φ in (2)). To overcome this
diﬃculty, very recently the work [32] adopts a barrier function method with Padé approximation
to achieve practical consensus for a delayed nonstrict system, in which agent states are conﬁned
to some symmetric hypercubes. This constraint condition, nevertheless, is somewhat restrictive
compared with standard constrained consensus problem, where state is often limited in a general
convex set; see e.g. [23, 24, 30].
To ﬁll the gap in this line of research, we here are interested in practical consensus problems
with some constraints on the agent states. Inspired by the heterophily behavior discussed in [19,
20, 21, 22], we consider heterophilous multiagent systems subject to two classes of restrictions:
hard and soft constraints. Hard (or exogenous) constraints refer to the situation where agents
starting inside the constraint sets will always remain in them, whereas soft (or endogenous)
constraints mean that the steady state of an agent will belong to the constraining set but the
initial and transient states are allowed to trespass the constraint. The contributions of the paper
can be summarized as follows.
1) Two comprehensive models of continuous-time multiagent systems with general hard and
soft constraints are established, which take into consideration the heterophilous agent dynamics.
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2) Suﬃcient conditions ensuring practical consensus are derived analytically for both classes
of multiagent systems, where the diameter of ﬁxed underlying communication graph facilitates the ultimate bounded equilibrium region.
3) Numerical experiments are conducted to validate the theoretical results, revealing a logarithmic growth of practical consensus time with respect to the dispersion of initial values.
The results developed in the paper can be applied to constrained consensus problems, where
exact consensus is not required. Practical consensus protocols save communication cost by allowing a tolerance bound ε, where agents cease communication if the diﬀerence of states is less
than this bound. Another application ﬁeld is social opinion dynamics, where both heterophily
eﬀect and observer eﬀect are accommodated in our model. An numerical example of negotiation
in a student government network is presented in Section 5.
It is worth mentioning that the work [32] falls into the category of hard constraints considered
in this paper, where full state trajectories are within some hypercubes. The back-stepping method
along with barrier function setup leads to practical consensus with bounded error estimation
and ﬁxed-time convergence. However, our gradient-based controller method is totally diﬀerent,
which allows us to consider general convex constraints.
The rest of the paper is organized as follows. Preliminaries are presented in Section 2 with the
problems and main results formulated in Section 3. Section 4 is devoted to technical treatment of
the practical consensus analysis and Section 5 contains numerical simulation results. The paper
is concluded in Section 6.
2. Preliminaries
2.1. Graph theory and notations
The multiagent system under investigation here consists of N agents networking over a communication graph. We adopt a directed graph G = (V, E) to represent the network topology,
where V = {1, 2, · · · , N} is the node set and E ⊆ V × V is the set of directed edges. An edge
(i, j) ∈ E indicates that agent j can send information to agent i, and it is associated with a positive
weight ai j > 0. Accordingly, we set ai j = 0 if (i, j) is not an edge. The adjacency matrix of G
is denoted by A = (ai j ) ∈ RN×N . When the graph is undirected, we have ai j = a ji for all pairs
i, j ∈ V. Agent j is a neighbor of agent i if j ∈ Ni := { j ∈ V : (i, j) ∈ E}. Here, Ni is often called
the (in-)neighborhood of i. The Laplacian matrix of G is deﬁned as L = (li j ) ∈ RN×N , in which
∑
li j = −ai j if i , j and lii = j∈V, j,i ai j . If G is undirected, L = LT becomes positive semideﬁnite,
where T means matrix transpose. G is called a strongly connected graph if for any pair of nodes i
and j, there is a directed path originating from i ending at j. We deﬁne the diameter d of G as the
maximum value of the lengths of shortest paths between any two nodes in the undirected version
of G. More relevant details on multiagent networks can be found in e.g. the comprehensive book
[2].
2.2. System dynamics
With the agents represented by the multiagent network G = (V, E), the dynamics of agent
i ∈ V at time t ≥ 0 is captured by
ẋi (t) = ui (t),
3

(1)

where xi (t) ∈ Rn and ui (t) ∈ Rn are the state and control input of i, respectively. The control
input reﬂects the rate of change of system state in general. For example, it characterizes velocity
if the state is interpreted as displacement and becomes acceleration if the state is velocity. Given
a bound ε > 0, a simple heterophilous averaging dynamics can have the following feedback for
agent i:
∑
yi (t) =
φ(xi (t), x j (t))(x j (t) − xi (t)),
(2)
j∈Ni

(
where φ(xi , x j ) = ai j if kxi − x j k ≥ ε and φ(xi , x j ) = 0 otherwise. Here, kxi − x j k = (xi − x j )T
) 12
·(xi − x j ) means the standard Euclidean norm of vectors.
Remark 1. The above heterophilous dynamics with control input ui = yi (in the case of n = 1)
has been proposed in [22], where the range for relative opinion diﬀerence |xi − x j | ≤ ε is interpreted as the similarity interval for agents. When the opinions of two agents are close enough,
they will stop exchanging opinions, mimicking the heterophily principle in sociology; see e.g.
[19, 20, 21]. Although G has a ﬁxed topology, the function φ makes it essentially a switching
network.
To accommodate both types of state constraints present in the multiagent systems, we will
later design the control input ui in (1) and show practical consensus of the corresponding systems.
The constraint sets considered here are general convex sets. Speciﬁcally, let Bi ∈ Rn be a closed
convex set associated with agent i ∈ V.
Assumption 1. We assume Bi takes the form of Bi = {zi ∈ Rn : fi (zi ) ≤ 1}, where fi : Rn → R is
a twice diﬀerentiable convex function. Let ∂Bi := {zi ∈ Rn : fi (zi ) = 1} be its boundary. Assume
Bi \∂Bi , ∅ and B := ∩i∈V Bi , ∅.
Remark 2. The constraint set Bi here can be described as the level set of a convex function fi .
The twice diﬀerentiability condition of fi is mild, as such an approximation can be found in the
sense of Hausdorﬀ metric [33]. The condition of Bi \∂Bi being non-empty ensures the convex
constraint set is non-trivial. We will see in Section 3 how Bi acts on agent i in terms of hard and
soft constraints.
The goal of the paper is to design distributed control protocols such that practical consensus
for the multiagent system (1) is reached subject to state constraints associated with {Bi }i∈V . The
deﬁnition of practical consensus is formally given as follows.
Deﬁnition 1. Given a bound δ > 0, we say the multiagent system (1) reaches practical consensus
if lim supt→∞ maxi, j∈V kxi (t) − x j (t)k ≤ δ.
3. Problem formulation
In this section, we introduce practical consensus strategies for system (1) with constrained
states. We ﬁrst consider the hard constraint scenario, where we assume the following
Assumption 2. xi (0) ∈ Bi for each i ∈ V.
Since each agent begins from inside its constraint set, we will divide every Bi into core
region Bci and peripheral region Bip , in which the control input ui (t) will be designed separately.
Speciﬁcally, for each i ∈ V and zi ∈ Rn , deﬁne a function
hi (zi ) = ρ−1
i fi (zi ),

(3)

where hi : Rn → R and ρi is determined by agent i satisfying max{0, minzi ∈Bi fi (zi )} < ρi < 1. In
view of Assumption 1, ρi is well deﬁned and hi is convex. ∂Bi = {zi ∈ Rn : hi (zi ) = ρ−1
i } is the
4

constraint boundary. Deﬁne an n × n positive semideﬁnite matrix
Hi (zi ) =

∇hi (zi )∇hi (zi )T
,
k∇hi (zi )k2

where ∇ represents the gradient operator. For evert agent i ∈ V, set


y (t),
if hi (xi (t)) ≤ 1,


 i

y
(t),
if
hi (xi (t)) > 1, ∇hi (xi (t))T yi (t) ≤ 0,
ui (t) = 
i
]
[



−1
 ρi In − hi (xi (t))Hi (xi (t)) yi (t), if hi (xi (t)) > 1, ∇hi (xi (t))T yi (t) > 0,

(4)

(5)

where yi (t) ∈ Rn is given by (2), In ∈ Rn×n is the identity matrix, and t ≥ 0.
c
n
Remark 3. It always holds that hi (xi ) ≤ ρ−1
i for any xi ∈ Bi . Let Bi = {zi ∈ R : hi (zi ) ≤ 1} and
c
}.
Since
h
is
a
convex
function,
B
is
convex
and we have the
Bip = {zi ∈ Rn : 1 < hi (zi ) ≤ ρ−1
i
i
i
partition Bi = Bci ∪ Bip . As the derivative ḣi (xi (t)) = ∇hi (xi (t))T ẋi (t), the control input of (5) is
simply yi (t) when xi remains in the core region [Bci or xi steps into the peripheral
region Bip but
]
−1
pointing inwards; whereas the control input is ρi In − hi (xi (t))Hi (xi (t)) yi (t) when xi is in Bip
]
[
but pointing outwards. In fact, the multiplicative matrix ρ−1
i In − hi (xi (t))Hi (xi (t)) performs as a
projection over Bi , which turns the state trajectory back into Bi if it moves close to the boundary
∂Bi and directs outwards (see Lemma 1 below). Various applications of projection mechanism
have been widely studied in signal processing and adaptive control; see e.g. [24, 26, 27, 28, 34].
Remark 4. As commented above, by choosing ρi , the action of projection can be adjusted
according to (5). If ρi is close to 1, the peripheral region Bip will be small and that means the
projection will act later. On the other hand, if ρi is close to 0, then the state trajectory of agent
i will be interfered more aggressively since the core region Bci is small. As xi (0) ∈ Bi , xi (t)
belongs to Bi for all t ≥ 0 (see Lemma 1). We refer to this scenario as ’hard constraint’.
Suppose that G = (V, E) is undirected and connected. Our ﬁrst result (see Theorem 1 below)
for the heterophilous multiagent system (1) and (2) with (5) shows that given ε > 0, we have
xi (t) ∈ Bi for any i ∈ V and t ≥ 0, and lim supt→∞ maxi, j∈V kxi (t) − x j (t)k ≤ dε. Here, d is the
diameter of G. This means that practical consensus is achieved as per Deﬁnition 1. For any ε > 0,
however, we cannot guarantee xi (t) will be ultimately conﬁned to the intersection of constraints,
B, for any i ∈ V. If we let ε → 0, Theorem 1 suggests the standard consensus is achieved
asymptotically and hence each xi (t) converges to B in this case.
Next, we move on to the case of soft constraint. We will consider the scaler case of n = 1
and the constraint set taken as Bi = [bi , bi ] for each i ∈ V. Equivalently, fi in Assumption 1 can
be chosen as

2

b + bi 
4
(6)
fi (zi ) =
zi − i

2 
(bi − b )2
i

and the intersection is denoted by B = [b, b], where b := maxi∈V bi and b := mini∈V bi . The
idea behind is that each agent i in the network G will transmit its saturated value to its neighbors,
where the bi is the allowed upper bound and bi is the corresponding lower bound. More specifically, for each agent i ∈ V, we design the control input ui with the modiﬁed feedback of (2)
given by
∑
ui (t) = ỹi (t) =
φ(xi (t), x j (t))(g j (x j (t)) − xi (t)),
(7)
j∈Ni

5

where the function g j : R → R is deﬁned as





b j,
b , if f j (z j ) > 1, ∇ f j (z j ) < 0,






 j

z
,
if
f
(z
)
≤
1,
z j,
g j (z j ) = 
=

j
j
j






 b j , if f j (z j ) > 1, ∇ f j (z j ) > 0,
 b,
j

zj < bj
bj ≤ zj ≤ bj
z j > b j,

(8)

and φ(xi , x j ) is deﬁned as in (2) with n = 1.
Remark 5. For j ∈ Ni , agent j will send saturated information to its neighbor i. Examples for
this saturation mechanism include, for instance, load sharing problem in a distributed network of
processors, where the ﬁnal solution has to suit the constraint of allocated computation resource
for each processor [29]; and expressed opinions in social networks, where expressed opinions are
under peer observation or have to obey certain norms [35]. We refer to this scenario as ’soft constraint’ because only the ﬁnal value will be restricted in some sense, but transient values are not
be limited to their respective constraint sets. It is also worth noting that although the constraints
are explicitly known as given in (8), each agent i ∈ V only knows its own constraint [bi , bi ]. This
prevents us from applying direct interaction constraint sets to seek consensus. Nevertheless, in
the case of ε = 0, ultimate consensus can be achieved (see Remark 7).
Suppose that G = (V, E) is strongly connected. Our second result (see Theorem 2 below) for
the heterophilous multiagent system (1) and (7) with (6) shows that given ε > 0 and n = 1, we
have xi (t) ∈ [b − ε, b + ε] for all i ∈ V and suﬃciently large t, and lim supt→∞ maxi, j∈V |xi (t) −
x j (t)| ≤ dε. Here, d is the diameter of the undirected version of G. According to Deﬁnition
1, practical consensus is reached here likewise. Recall that the intersection of constraint sets is
B = [b, b]. The ﬁnal values will be near the common constraint set B by a distance of at most
ε. At any time t, we cannot guarantee xi (t) ∈ Bi , which is diﬀerent from the hard constraints
case in Theorem 1. This is due to the fact that the constraints here are imposed in an endogenous
(or soft) manner compared to the hard-wired constraints in (5). Furthermore, if we let ε → 0,
Theorem 2 reduces to the standard consensus situation, and the ﬁnal consensus value will be in
B. Such constrained consensus has been treated in the framework of interval consensus for some
averaging systems and fault-tolerant systems; see e.g. [29, 36]
4. Practical consensus analysis
4.1. Heterophilous dynamics with hard constraints
The following result shows that practical consensus is achieved under hard constraints when
the communication network is undirected and connected.
Theorem 1. (hard constraints) Given ε > 0, consider the heterophilous multiagent system (1)
and (2) with (5) under Assumptions 1 and 2. If G = (V, E) is undirected and connected, then
xi (t) ∈ Bi for any i ∈ V and t ≥ 0, and lim supt→∞ maxi, j∈V kxi (t) − x j (t)k ≤ dε, where d is the
diameter of G.
Remark 6. In the case of ε = 0, namely, the interaction of two agents is fully determined by the
network topology G, we conclude the consensus result limt→∞ maxi, j∈V kxi (t) − x j (t)k = 0 holds.
Hence, the equilibrium is in the intersection of constraints B = ∩i∈V Bi .
To prove Theorem 1, we begin with the invariance of the constraint sets for heterophilous
dynamics under hard constraints.
Lemma 1. Consider the multiagent system (1), (2) and (5) with Assumptions 1 and 2. Then for
any i ∈ V, xi (t) ∈ Bi for all t ≥ 0.
6

Proof. Given i ∈ V, xi (0) ∈ Bi by Assumption 2. If xi should move outside Bi , it has to ﬁrst
move into the peripheral region Bip and then direct towards the boundary ∂Bi . It follows from
(1), (4) and (5) that
[
]
ḣi (xi (t)) = ∇hi (xi (t))T ρ−1
i In − hi (xi (t))Hi (xi (t)) yi (t)
T
T
= ρ−1
i ∇hi (xi (t)) yi (t) − hi (xi (t))∇hi (xi (t))
T
= (ρ−1
i − hi (xi (t)))∇hi (xi (t)) yi (t),

∇hi (xi )∇hi (xi )T
yi (t)
k∇hi (xi )k2

(9)

where ∇hi (xi (t))T yi (t) > 0 and ρ−1
i − hi (xi (t)) remains positive but becomes vanishing as xi (t) approaches ∂Bi . Recall that ∇hi (xi (t)) means the gradient directing outside ∂Bi . It is perpendicular
to the tangent plane at a boundary point. Therefore, the state xi (t) is driven along the boundary
∂Bi when it approaches the boundary. Since Bi is a closed convex set, xi (t) remains in Bi . 2
Let x∗ = (x1∗ , x2∗ , · · · , x∗N )T ∈ RnN . Deﬁne a set
∑
∑
}
{
[
]
∗
∗
∗
∗
ρ−1
y∗T
(10)
S := x∗ ∈ RnN :
y∗T
i In − hi (xi )Hi (xi ) yi +
i yi = 0 ,
i
i∈V\H ∗

i∈H ∗

where
∗ T ∗
H ∗ := {i ∈ V : hi (xi∗ ) ∈ (1, ρ−1
i ], ∇hi (xi ) yi > 0}

(11)

and
y∗i :=

∑

j∈Ni

φ(xi∗ , x∗j )(x∗j − xi∗ )

(12)

for i ∈ V. All points x∗ in S are jointly determined by (10), (11) and (12). This notation is kept
in the rest of this section.
Lemma 2. Let x(t) = (x1 (t), x2 (t), · · · , xN (t))T ∈ RnN be a solution of the heterophilous multiagent system (1), (2) with (5). If Assumptions 1 and 2 hold, then the set of limit points of x(t) as
t → ∞ is contained in the set S.
Proof. Let x = (x1 , x2 , · · · , xN )T ∈ RnN . Deﬁne Lφ (x) ∈ RN×N as a positive semideﬁnite matrix
∑
with oﬀ-diagonal (i, j)-element being −φ(xi , x j ) and diagonal (i, i)-element being j,i, j∈V φ(xi , x j ).
Consider the Lyapunov candidate function
V(x) :=

1 T
x (Lφ (x) ⊗ In )x,
2

(13)

which is locally Lipschitz and continuous. Thanks to Lemma 1 and Assumptions 1 and 2, we
obtain
∑
V̇(x(t)) = x(t)T (Lφ (x(t)) ⊗ In ) ẋ(t) = −
yi (t)T ẋi (t)
=−

∑

i∈H(t)

i∈V

∑
[
]
yi (t)T yi (t),
yi (t)T ρ−1
i In − hi (xi (t))Hi (xi (t)) yi (t) −

(14)

i∈V\H(t)

where we have applied (2), (5) and L̇φ (x(t)) = 0, and the set H(t) is deﬁned as H(t) := {i ∈ V :
T
hi (xi (t)) ∈ (1, ρ−1
i ], ∇hi (xi (t)) yi (t) > 0}.
7

Furthermore, we have
−1
−1
ρ−1
i In − hi (xi (t))Hi (xi (t)) = ρi [In − Hi (xi (t))] + (ρi − hi (xi (t)))Hi (xi (t)).

(15)

In view of (3), Hi (xi (t)) is a positive semideﬁnite matrix. We have ρ−1
i − hi (xi (t)) ≥ 0 by Lemma
1. For any yi = (yi1 , yi2 , · · · , yin )T ∈ Rn , we have
yTi

[In − Hi (xi (t))] yi =

∑

1≤l1 <l2 ≤n

(
)
∇hi (xi (t))l1 yil2 − ∇hi (xi (t))l2 yil1 2
,
∑n
2
l=1 ∇hi (xi (t))l

(16)

where we write ∇hi (xi (t)) := (∇hi (xi (t))1 , ∇hi (xi (t))2 , · · · , ∇hi (xi (t))n )T ∈ Rn . By (16), In −
Hi (xi (t)) is positive semideﬁnite. Moreover, yTi [In − Hi (xi (t))] yi = 0 is equivalent to ∇hi (xi (t))l1 yil2 =
∇hi (xi (t))l2 yil1 for all 1 ≤ l1 < ł2 ≤ n. Hence, V̇(x(t)) ≤ 0 using (14), (15) and (16). An application of LaSalle’s invariance principle [37] concludes the proof of Lemma 2. 2
Deﬁne Bε := {z1 ∈ Rn : z1 ∈ B or kz1 −z2 k ≤ ε for some z2 ∈ B}. Clearly, Bε can be viewed as
the ε-neighborhood of B. Since B is a convex set, Bε is also convex. Let 0n = (0, 0, · · · , 0)T ∈ Rn
be the n-dimensional zero vector. We shall now prove our last lemma, after which we would have
all the ingredients ready for showing Theorem 1.
Lemma 3. Consider the multiagent system (1), (2) and (5) with Assumptions 1 and 2. If xi∗ ∈
Bi ∩ Bε for every i ∈ V, then y∗i = 0n for every i ∈ V.
Proof. We will prove Lemma 3 by employing an argument of contradiction. Suppose there is a
node k ∈ V such that y∗k , 0n . We obtain
∑
∗ ∗ ∗
−y∗k
j∈Nk φ(xk , x j )x j
∗
∑
∑
=
x
−
(17)
k
∗ ∗
∗ ∗ .
j∈Nk φ(xk , x j )
j∈Nk φ(xk , x j )
Recall xk∗ ∈ Bk ∩ Bε . We consider two situations: (i) xk∗ belongs to the interior of Bk and (ii)
xk∗ ∈ ∂Bk .
In the ﬁrst case, we have hk (xk∗ ) < ρ−1
k . Using a similar argument as in Lemma 2, we know
if there is a vector zk ∈ Rn satisfying zTk Hk (xk∗ )zk = 0 then zTk [In − Hk (xk∗ )]zk > 0. Therefore,
∗
∗
an analogous decomposition of (15) suggests that ρ−1
k In − hk (xk )Hk (xk ) is positive deﬁnite. As
∗
∗
∗
x ∈ S and using (10), we obtain k ∈ V\H . This implies yk = 0n , which is opposite to our
assumption.
In the second case, the vector y∗k must point inside Bk . This is because the second term on
the right-hand side of (17) belongs to Bε ∩ Bk using the property of convex combination. This
means ∇hk (xk∗ )T y∗k < 0 due to the obtuse angle between the two vectors. By (11), k < H ∗ . Argue
as in case (i), we have y∗k = 0n in view of (10). This conﬂicts with our assumption. The proof of
Lemma 3 is complete. 2
We conclude this section with the proof of Theorem 1.
Proof of Theorem 1. The strategy is to show H ∗ = ∅ in (11). If this is true, we have S = {x∗ ∈
RnN : y∗i = 0n , ∀i ∈ V} by (10). Since G is connected, we have kxi (t) − x j (t)k ≤ ε for any
(i, j) ∈ E in view of Lemma 2. This together with Lemma 1 suggests that practical consensus as
stated in Theorem 1 is reached.
To prove H ∗ = ∅, we use an argument of contradiction. Assume that H ∗ , ∅. There is a
node k1 ∈ H ∗ with y∗k1 , 0n . Deﬁne
θ := max dist(xi∗ , Bε ),
i∈V

8

(18)

where dist(xi∗ , Bε ) represents the distance between xi∗ and Bε . Lemma 3 implies the existence of
a node k2 ∈ V with xk∗2 < Bε ∩ Bi . Thus, θ > 0. Two situations will be considered: (i) there is
k ∈ V with θ = dist(xk∗ , Bε ) and y∗k = 0n ; and (ii) for any i satisfying θ = dist(xi∗ , Bε ), it holds true
that y∗i , 0n .
In the ﬁrst scenario (i), denote by x̃ ∈ ∂Bε be the projection of xk∗ on Bε . Write w := xk∗ − x̃,
and we have wT w = θ2 . Deﬁne a plane W := {z ∈ Rn : wT z − wT xk∗ = 0} at xk∗ , which is parallel
to the tangent plane {z ∈ Rn : wT z − wT x̃ = 0} at x̃. Noticing that Bε is convex, we have
wT xi∗ − wT xk∗ ≤ 0
{xi∗ }i∈V

(19)

and B are on the same side of the plane W
for every i ∈ V by (18). Namely, all points
or on it.
Recall we have k1 ∈ H ∗ with y∗k1 , 0n . This means there is a node i1 ∈ V satisfying
kxi∗1 − xk∗ k > ε in the light of (12). Clearly dist(xi∗1 , Bε ) ≤ θ by (18). As Bε is a convex set, xi∗1 is
not on the plane W. Consequently,
ε

wT xi∗1 − wT xk∗ < 0.

(20)

We may assume that (i1 , k) ∈ E without loss of generality. [If this is not true, for any i ∈ Nk
we have kxi∗ − xk∗ k ≤ ε. Due to the connectivity of G, by repeating the above same argument we
arrive at kx∗j − xk∗ k ≤ ε for all j ∈ V. This conﬂicts with our choice of i1 .] Since 0n = y∗k =
∑
∑
∗
∗
∗ ∗ T ∗
∗
∗ ∗
j∈Nk φ(xk , x j )w (x j − xk ) = 0n . Employing (20), we
j∈Nk φ(xk , x j )(x j − xk ), it follows that
T ∗
T ∗
conclude that there is i2 ∈ Nk such that w xi2 − w xk > 0. This is at odds with the inequality
(19).
Next, we examine the second scenario (ii). Fix a node k ∈ V such that θ = dist(xk∗ , Bε ) and
y∗k , 0n . We know k ∈ H ∗ using x∗ ∈ S and (10). Accordingly, hk (xk∗ ) ∈ (1, ρ−1
k ] and
∇hk (xk∗ )T y∗k > 0
[
]
−1
∗
∗
∗
in the light of (11). Employing (10), we derive y∗T
k ρk In − hk (xk )Hk (xk ) yk = 0. Hence,
[
]
−1
∗
∗
∗
0 = y∗T
k ρk In − hk (xk )Hk (xk ) yk
[
]
∗
∗
−1
∗
∗T ∗
= hk (xk∗ )y∗T
k In − Hk (xk ) yk + [ρk − hk (xk )]yi yi .

(21)

(22)

In the proof of Lemma 2, we have shown that In − Hk (xk∗ ) is positive semideﬁnite. Combining
the above comments, we derive from (22) that
[
]
∗
∗
(23)
y∗T
k In − Hk (xk ) yk = 0
∗
and hk (xk∗ ) = ρ−1
k . Therefore, xk ∈ ∂Bk and

∇hk (xk∗ )l1 ykl2 = ∇hk (xk∗ )l2 ykl1

(24)

for all 1 ≤ l1 < ł2 ≤ n by involving the proof of Lemma 2 and (23).
Let x̃ ∈ ∂Bε be the projection of xk∗ on Bε . Set the diﬀerence as w := xk∗ − x̃. Obviously,
wT w = θ2 . The plane W := {z ∈ Rn : wT z − wT xk∗ = 0} at xk∗ is parallel to the tangent plane
{z ∈ Rn : wT z − wT x̃ = 0} at x̃. Since Bε is convex,
wT xi∗ − wT xk∗ ≤ 0
9

(25)

for each node i ∈ V. Hence, all values {xi∗ }i∈V together with Bε are on the same side of W or on
it. It follows from (12) and (25) that
∑
wT
φ(xk∗ , xi∗ )(xi∗ − xk∗ ) = wT y∗k ≤ 0.
(26)
i∈Nk

Since xk∗ ∈ ∂Bk and x̃ ∈ ∂Bε ∩ Bk , −w is a vector at xk∗ pointing towards inside Bk . The
gradient ∇hk (xk∗ ) is perpendicular to the tangent plane to Bk at xk∗ directing towards outside Bk .
Hence, wT ∇hk (xk∗ ) > 0 and wT ∇hk (xk∗ )∇hk (xk∗ )T y∗k > 0 involving (21). Moreover, thanks to (24)
we have
0 < wT ∇hk (xk∗ )∇hk (xk∗ )T y∗k =
=

n
∑

l1 ,l2 =1

n
∑

l1 ,l2 =1

wl1 ∇hk (xk∗ )2l2 y∗kl1 = wT y∗k

wl1 ∇hk (xk∗ )l1 ∇hk (xk∗ )l2 y∗kl2

n
∑
l2 =1

∇hk (xk∗ )2l2 ,

(27)

in which we write w = (w1 , w2 , · · · , wn )T and y∗k = (y∗k1 , y∗k2 , · · · , y∗kn )T . Thus, wT y∗k > 0. This
conﬂicts with (19) in view of (12).
In summary, we have obtained contradictions in both cases, the proof is completed. 2
4.2. Heterophilous dynamics with soft constraints
In this section, our main result below shows that practical consensus can be achieved under
soft constraints for directed networks and the ultimate bounded region is given by Bε .
Theorem 2. (soft constraints) Let n = 1. Given ε > 0, consider the heterophilous multiagent
system (1) and (7) under Assumption 1 with (6). If G = (V, E) is strongly connected, then xi (t) ∈
[b − ε, b + ε] for all i ∈ V and suﬃciently large t, and lim supt→∞ maxi, j∈V |xi (t) − x j (t)| ≤ dε,
where d is the diameter of the undirected version of G.
Remark 7. Similarly as commented in Remark 6, in the case of ε = 0, the exact consensus
limt→∞ maxi, j∈V |xi (t) − x j (t)| = 0 can be achieved. As a result, the equilibrium is in the intersection of constraints B = ∩i∈V Bi = [b, b].
Recall the deﬁnition Bε = {z1 ∈ Rn : z1 ∈ B or |z1 − z2 | ≤ ε for some z2 ∈ B}, B = [b, b]
and n = 1 here. To prove Theorem 2, we will make use of the upper right Dini derivative in
the next lemma. For a real continuous function f (t), the Dini derivative is deﬁned as D f (t) :=
lim sup s→0+ ( f (t + s) − f (t))/s. If x(t) ∈ RN is a solution of the system ẋ(t) = ϕ(x(t)) for some
Lipschitz continuous function ϕ : RN → RN , we also deﬁne DV(x) := lim sup s→0+ (V(x+ sϕ(x))−
V(x))/s for any continuous and locally Lipschitz function V : RN → R. If the above system has
the initial condition x(0), the equation DV(x)| x=x(0) = DV(x(t))|t=0 is known to hold [37].
Lemma 4. Consider the heterophilous multiagent system (1) and (7) under Assumption 1 with
(6). Let p(x(t)) := max{b, maxi∈V {xi (t)}}, q(x(t)) := min{b, mini∈V {xi (t)}} and V(x(t)) := p(x(t))−
q(x(t)). Then DV(x(t)) ≤ 0 for any t ≥ 0.
Proof. To show the derivative of V(x(t)) is non-positive, we will ﬁrst examine the derivative of
p(x(t)) and the case of q(x(t)) can be shown likewise. Both of them are continuous and locally
Lipschitz functions. Since p(x(t)) ≥ b, we ﬁrst assume p(x(t)) > b. Thus, maxi∈V xi (t) > b in
[t, t + η] for some η > 0. Along the trajectory of the multiagent system (1) and (7), using the
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max-min property of Dini derivative [38] we obtain
Dp(x(t)) = D max{xi (t)} = max { ẋi (t)}
i∈V
i∈J(t)
∑
= max
φ(xi , x j )(g j (x j (t)) − xi (t)),
i∈J(t)

(28)

j∈Ni

where J(t) := { j ∈ V : x j (t) = maxi∈V {xi (t)}} and we have used the feedback law (7).
By deﬁnition, we have b ≤ b j and x j (t) ≤ x j1 (t) for all j ∈ V and j1 ∈ J(t). Therefore,
when b < x j (t) we have g j (x j (t)) ≤ x j (t); when b ≥ x j (t) we have g j (x j (t)) ≤ b. This indicates
g j (x j (t)) ≤ max{x j (t), b} ≤ x j1 (t) for all j ∈ V and j1 ∈ J(t). In the light of (28), we conclude
Dp(x(t)) ≤ 0 under the condition of p(x(t)) > b. If the equality holds, Ni ⊆ J(t). By a direct
argument of contradiction, we know that if p(x(t1 )) = b at some time t1 , then p(x(t)) = b for all
t ≥ t1 . Hence, p(x(t)) is non-increasing and Dp(x(t)) ≤ 0 for all t.
Likewise, we can show that q(x(t)) is non-decreasing and Dq(x(t)) ≥ 0 for all t. Combining
these results, we conclude DV(x(t)) ≤ 0 as desired. 2
Similarly as in Section 4.1, deﬁne a set
U := {x ∈ RN : DV(x) = 0},

(29)

where V is deﬁned in Lemma 4.
Lemma 5. Consider the heterophilous multiagent system (1) and (7) under Assumption 1 with
(6). If G = (V, E) is strongly connected, U ⊂ (Bε )N .
Proof. This can be proved by an argument of contradiction. Suppose there is a vector x̃ =
( x̃1 , x̃2 , · · · , x̃N )T ∈ U but x̃ falls outside (Bε )N . Without loss of generality, we assume x̃i1 > b + ε
and x̃i1 = maxi∈V { x̃i }. Consider a solution x(t) of the heterophilous multiagent system (1) and (7)
with initial condition x(0) = x̃.
Let J := { j ∈ V : x̃ j = x̃i1 }. Since G is strongly connected, the values for nodes in J will be
dragged down by other nodes in V\J holding values less than x̃i or by b. Therefore, there exists
time η > 0 such that x j (η) < x̃i1 for each j ∈ V. This means p(x(η)) < x̃i1 = p(x(0)), which
conﬂicts with the assumption x̃ ∈ U. 2
We have all the ingredients we need to show Theorem 2.
Proof of Theorem 2. Using Lemma 4 and the LaSalle invariance principle [37], similarly as in
the proof of Lemma 2 we know that the states will converge to the points in U. By Lemma 5,
we obtain that xi (t) ∈ Bε = [b − ε, b + ε] for all i ∈ V and suﬃciently large t.
To show the practical consensus, we consider three cases: (i) There exists i1 ∈ V satisfying
lim supt→∞ xi1 (t) > bi ; (ii) there exists i2 ∈ V satisfying lim inf t→∞ xi2 (t) < bi ; (iii) xi (t) ∈ [bi , bi ]
for all i ∈ V and suﬃciently large t.
In the case (i), using the proof of Lemma 5 we have bi1 < b + ε. In view of the system system
(1) and (7), for any j with (i1 , j) ∈ E, we have |xi1 − x j | ≤ ε. Otherwise, the value of xi will be
dragged down since G is strongly connected. Therefore, lim supt→∞ maxi, j∈V |xi (t) − x j (t)| ≤ dε.
The case of (ii) can be shown analogously.
In the case (iii), for any η > 0 there exists a time tη such that |xi (t) − gi (xi (t))| ≤ η for all t ≥ tη
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in the light of (8). The multiagent system (1) and (7) can be recast as
∑
ẋi (t) =
φ(xi (t), x j (t))(g j (x j (t)) − xi (t))
j∈Ni

=

∑

j∈Ni

φ(xi (t), x j (t))(x j (t) − xi (t)) + zi (t),

(30)

where
zi (t) :=

∑

j∈Ni

φ(xi (t), x j (t))(g j (x j (t)) − x j (t)).

(31)

By the above comment, we know that the perturbation term |zi (t)| is vanishing as t tends to inﬁnity.
If |xi − x j | > ε for some (i, j) ∈ E, then global consensus can be achieved for our heterophilous
system by applying the robust consensus theorem [39, Prop. 4.10] and strongly connectedness
of G. Accordingly, lim supt→∞ maxi, j∈V |xi (t) − x j (t)| ≤ ε < dε. Otherwise, |xi − x j | ≤ ε for any
(i, j) ∈ E, and hence lim supt→∞ maxi, j∈V |xi (t) − x j (t)| ≤ dε as desired. 2
5. Numerical simulations
We present some numerical examples in this section to illustrate our proposed practical consensus theory.

Figure 1: Communication network G with binary weights and N = 4 nodes.

Example 1. Assume G = (V, E) is a connected network with V = {1, 2, 3, 4}; see Fig. 1. The
diameter of G is d = 2. In this example, we test the practical consensus of the heterophilous
multiagent system (1), (2) and (5) under hard constraints in R2 . Write x = (x1 , x2 , x3 , x4 )T and
xi = (xi1 , xi2 )T for i ∈ V. The four constraint sets {Bi }4i=1 are delineated by
f1 (x1 ) = 2(x11 + 1)4 + 3(x12 − 1)2 + (x11 + 1)(x12 − 1) − 29,

f2 (x2 ) = 3(x21 − 1)2 + (x22 + 3)2 − (x21 − 1)(x22 + 3) − 14,

2
f3 (x3 ) = (x31 − 2)2 + 3x32
− 9,
f4 (x4 ) = 0.

(32)

We choose ε = 0.1 and the adjacency matrix A as a binary 0-1 matrix and deﬁne ρi = 0.5 for
i ∈ V. The state trajectories for the system (1), (2) and (5) are shown in Fig. 2 under initial
conditions x1 (0) = (−2, 3)T , x2 (0) = (1, −5)T , x3 (0) = (4, −1)T , and x4 (0) = (−2, −3)T . It is clear
that all conditions of Theorem 1 are satisﬁed.
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Figure 2: Practical consensus of heterophilous systems with hard constraints for Example 1: (a) State trajectories {xi }i∈V
with constraint sets and initial conditions (diamonds); (b) Time evolution for the ﬁrst components {xi1 (t)}i∈V ; (c) Time
evolution for the second components {xi2 (t)}i∈V ; (d) Practical consensus error ∆(t) is no more than dε = 0.2 for t ≥ 5.

The ﬁrst three agents have convex constraints whereas agent 4 is unconstrained. The initial
states are represented by diamonds in Fig. 2(a) and the equilibria of the four agents are shown in
the inset, which represents a magniﬁed view. Not all of these equilibria fall within the common
intersection B, but they remain in their respective constraint set as predicted by Theorem 1. The
two components are shown in Fig. 2(b) and Fig. 2(c), respectively. To better appreciate the
practical consensus, we deﬁne the practical consensus error
∆(t) := max kxi (t) − x j (t)k.
i, j∈V

(33)

We observe from Fig. 2(d) that ∆(t) decreases and satisﬁes ∆(t) ≤ dε = 0.2 quickly.
Example 2. In this example, we consider the heterophilous system (1), (6) and (7) with soft
constraints. Fix ε = 0.1 again and the same network G in Fig. 1 is used here. Noting n = 1, and
we choose the four constraint intervals as B1 = [−1, 2], B2 = [0, 4], B3 = [−2, 1], B4 = [−3, 1].
Therefore, the common constraint is B = [b, b] = [0, 1] as indicated in Fig. 3(a). In Fig. 3(b), we
show the trajectories for four agents with initial conditions x(0) = (−2, 1, 3, −1)T . Distinct from
Example 1, neither initial values nor transient states are required inside the constraint sets. The
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Figure 3: Practical consensus of heterophilous systems with soft constraints for Example 2: (a) Constraint intervals with
initial conditions (diamonds) and equilibria (crosses); (b) Time evolution for states {xi (t)}i∈V ; (c) Practical consensus
error ∆(t) is no more than dε = 0.2 for t ≥ 5.
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is in log scale in the inset.

ultimate consensus values however are within the range Bε as one would expect from Theorem 2.
The buﬀer area of ε is necessary as can be seen in this example, where the equilibrium of agent
4 is slightly below zero. Similarly as in Example 1, Fig. 3(c) shows the practical consensus error
∆(t) decreases quickly and satisﬁes ∆(t) ≤ dε = 0.2 for t ≥ 5.
Example 3. Here we examine the inﬂuence of initial conﬁguration of agents on the practical
consensus time. Note that under soft constraints our heterophilous multiagent system in Example
2, for example, can take arbitrary initial states. Using practical consensus error ∆ in (33), we
can deﬁne the practical consensus time as T := min{t : |∆(t + 1) − ∆(t)| ≤ σ} with a small
σ. By taking uniformly random initial states in the interval [−γ, γ] and σ = 10−4 , we show
in Figure 4 the practical consensus time for the system used in Example 2. The results are
averaged over 30 random implementation. A clear logarithmic growth of consensus time can
be observed. We performed extensive simulations on other graphs and they all conﬁrm this
qualitative phenomenon.
Example 4. Finally, we consider an opinion consensus process over a social network G =
(V, E) consisting of 11 members and advisors of the Student Government at the University of
Ljubljana [40]. We create the network (see Fig. 5) by using the dataset AskCog.net from the
14

Figure 5: Student government network G with binary weights and N = 11 nodes.
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Figure 6: Practical consensus of heterophilous systems with soft constraints for Example 4: (a) Time evolution for states
{xi (t)}i∈V with ε = 0.1; (b) Practical consensus error ∆(t) at time t = 10 as a function of ε.

Pajek datasets http://vlado.fmf.uni-lj.si/pub/networks/data/. The agents from 1 to
8 are ministers and agents 9, 10, 11 are advisers. We assume student ministers and advisers have
diﬀerent psychologically comfortable intervals for their opinion expression. Accordingly, we set
Bi = [0, 2] for i = 1, 2, · · · , 8 and B9 = B10 = B11 = [−1, 1]. The intersection of the constraint
sets is B = ∩11
i=1 Bi = [0, 1]. In Fig. 6 we show the opinion evolution for the heterophilous
system (1), (6) and (7) with soft constraints as deﬁned above. The initial states are taken as
x(0) = (−1, 1.5, 0, 2.5, 3, −2.5, 0.5, 2, 1, −0.5, −1.5)T . Noting that the diameter of G is d = 2, the
states shown in Fig. 6(a) achieves practical consensus for ε = 0.1 since the consensus error at
t = 10 is ∆(10) = 0.1897 < dε. In Fig. 6(b) we show the practical consensus error with respect
to diﬀerent bounds. The results agree with the prediction in Theorem 2. It is apparent that the
exact consensus is achieved when ε = 0.
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6. Conclusion
The practical consensus problems for continuous-time multiagent agent systems have been
presented in this paper for a group of agents with heterophilous dynamics. The network topology
is switching induced by the underlying heterophilous dynamics. We have proposed two types of
state constraint strategies on agents, namely hard and soft constraints, where hard constraints feature exogenous restrictions over the entire evolution of the agent behavior whereas soft constrains
are endogenous and only the ultimate states turn out to be restricted. The suﬃcient conditions
have been obtained to reach constrained practical consensus in both scenarios. Numerical results
unveil rapid convergence to equilibria with respect to initial disagreement. The results developed
here can inspire some future research in other dynamical or synchronization processes over heterophilous multiagent networks. It is also interesting to extend the framework to systems with
time delays and random noise induced uncertainty.
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